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no longer valid. For practical engineering designs, accurate and efficient numerical methods
are highly demanded to solve the equation. At a large Knudsen number (i.e., the ratio of
the phonon mean free path to a characteristic system length), steady-state solutions can
be obtained via the conventional iterative scheme (CIS) within a few iterations. However,

f’(ﬁ};‘;vz;dgoltzmann equation when the Knudsen number becomes small, i.e., when the phonon transport occurs in
General synthetic iterative scheme the diffusive or hydrodynamic regime, thousands of iterations are required to obtain
Fourier stability analysis converged results. In this work, a general synthetic iterative scheme (GSIS) is proposed
Fast convergence to tackle the inefficiency of CIS. The key ingredient of the GSIS is that a set of macroscopic

synthetic equations, which is exactly derived from the Boltzmann transport equation, is
simultaneously solved with the kinetic equation to obtain the temperature and heat flux.
During the iteration, the macroscopic quantities are used to evaluate the equilibria in
the scattering terms of the kinetic equation, thus guiding the evolution of the phonon
distribution function, while the distribution function, in turn, provides closures to the
synthetic equations. The Fourier stability analysis is conducted to reveal the superiority
of the GSIS over the CIS in terms of fast convergence in periodic systems. It is shown that
the convergence rate of the GSIS can always be maintained under 0.2 so that only two
iterations are required to reduce the iterative error by one order of magnitude. Numerical
results in wall-bounded systems are presented to demonstrate further the efficiency of
GSIS, where the CPU time is reduced by up to three orders of magnitude, especially in
both the diffusive and hydrodynamic regimes where the Knudsen number is small.

© 2022 Elsevier Inc. All rights reserved.

1. Introduction

With the rapid development of semiconductor technology, the characteristic size of microelectronic devices becomes
smaller and smaller. Heat conduction at the micro-/nano-scales has attracted extensive attention [1-3], as it has vital appli-
cations in controlling the heat dissipation of electronic devices and developing thermal functional materials. Although the
classical Fourier’s law has been guiding the study of heat conduction over the past centuries, it is no longer valid when
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the Knudsen number is not small, i.e., when the characteristic system length is comparable to or even smaller than the
phonon mean free path [4,5]. A host of interesting phonon transport phenomena beyond the Fourier diffusion picture have
been observed in micro-/nano-scale devices and materials [3,6,7]. For the mathematical description of such non-Fourier heat
conduction, the phonon Boltzmann equation (PBE) should be adopted [8].

The PBE is an integro-differential equation defined in the phase space of seven dimensions [4,5], including the time t,
the spatial coordinates x, the phonon angular frequency w, and the solid angle 2, which poses a grand research challenge
to find its solution accurately and efficiently. Analogous to the kinetic models for rarefied gas flows, the relaxation-time
approximation is introduced to simplify the scattering term in the PBE [8,9]. For example, the approximation of a single-
mode relaxation time [5] is commonly used to describe the resistive scattering (conserves energy but not momentum);
it has been shown that this approximation can well predict the heat conduction in silicon and germanium. However, for
materials in which the normal scattering (conserves both energy and momentum) plays a significant role [6,10-14], the
single-relaxation-time model is not applicable. To circumvent this problem, Callaway proposed a model with dual relaxation
times [15], which assumes that the normal scattering and resistive scattering are equally important and restore the phonon
distribution to a displaced Planck distribution and a Planck distribution, respectively.

Two primary methods are commonly used to find solutions to the PBE and its model equations: derivation of macro-
scopic equations and direct numerical simulation. For the former one, Guyer and Krumhansl [16] first obtained the Guyer-
Krumhansl equations from the linearized PBE. Subsequently, macroscopic equations were derived via the Chapman-Enskog
expansion [17] and the moment method [18-22]. These macroscopic equations are not valid in the whole range of Knudsen
numbers: they are only accurate near the diffusive regime where the resistive scattering is strong, and the hydrodynamic
regime where the resistive scattering is quite weak but the normal scattering plays an important role. For direct simulation,
efficient and accurate numerical methods are needed. Because the kinetic equations are defined in the phase-space with
high dimensionality, consequently, the discrete system may contain large numbers of degrees of freedom.

Many numerical methods including the Monte Carlo scheme [23-25], the lattice Boltzmann method [26], the discrete
ordinate method [27,28], and the discrete unified gas kinetic scheme [29,30] have been developed. The Monte Carlo method
is a stochastic approach; due to the fact that the advection and scattering of phonon are handled separately, the time step is
required to be smaller than the smallest scattering time scale. As a result, the Monte Carlo method is expensive in the diffu-
sive and hydrodynamic regimes. Moreover, it suffers from large statistical errors due to its stochastic nature, especially when
the temperature variation is small. To mitigate the latter problem, the variance-reduced Monte Carlo method was proposed,
in which only the deviation from the equilibrium state is resolved [31]. However, it is still not efficient in the diffusive or
hydrodynamic regime since the restriction on the time step is not removed. The standard lattice Boltzmann method, initially
proposed for fluid dynamics [32], was extended to solve the PBE. Since it is developed on the near-equilibrium hypothesis,
this method has difficulties in treating strong nonequilibrium effects and phonon spectral properties. Hence, it can only be
adopted at small Knudsen numbers and is unsuitable for capturing the non-Fourier heat conduction. In the discrete ordinate
method, the phonon frequency and angular variables are first discretized based on a numerical quadrature, resulting in a set
of equations that are continuous in the spatial space and time; then, the classical numerical techniques are applied to ap-
proximate the spatial derivative and time integration. The discrete ordinate method is a deterministic approach which yields
noise-free solutions. However, like the Monte Carlo method, it handles the advection and scattering operators separately;
thus, it is also restricted by the requirement of time step and inefficient in small-Knudsen-number regimes. This problem is
rectified in the discrete unified gas kinetic scheme, where the advection and scattering are coupled through a sophisticated
construction of the numerical flux at spatial cell interfaces so that a large time step can be used.

Although significant progress in numerical simulations has been made in the past decades, the explicit marching strategy
widely used in the existing schemes suffers difficulties when dealing with steady heat conduction problems [33-36]. For
example, when the normal scattering is strong but the resistive scattering is weak, the temperature profile changes rapidly
in the vicinity of boundaries, while in the bulk region, the temperature variation is small, see Fig. 5(b) in this work. For
this case, a non-uniform spatial grid is necessarily used to reduce the number of spatial grid cells. However, due to the
Courant-Friedrichs-Lewy (CFL) condition, the time step is usually limited by the smallest cell size; thus, a massive num-
ber of time steps is required to reach the steady state [4,5]. Consequently, implicit time-marching approaches are highly
demanded. The conventional iterative scheme (CIS), based on the discrete ordinate method, is an implicit scheme, thus re-
moving the restriction from the CFL condition [33,37,38]. When it is adopted to solve the phonon transport equations, the
time derivative is dropped, and the scattering operator is split into the gain and loss terms. The advection operator and loss
term are calculated at the current iteration step, while the gain term is evaluated at the previous iteration step to avoid
inverting a large matrix. The iteration terminates until time-independent solutions are achieved. When the Knudsen number
is large, the CIS is efficient since the converged solution can be obtained within a few iterations [33,34,39]. However, the
number of iterations increases dramatically when the Knudsen number becomes small because the error from iteration to
iteration is hard to reduce. Therefore, it is necessary to develop a method to accelerate the convergence of CIS, especially
in small-Knudsen-number regimes. This is particularly needed for simulating micro-/nano-scale heat conduction problems
where multiscale transport is often encountered. For instance, heat is generated in a small source region and is eventually
conducted to a much larger substrate [28].

If the normal scattering is absent, the PBE has the same form as that of the radiation transport equation, where in the
diffusive regime, many acceleration methods have been developed, e.g., the diffusion synthetic iterative scheme [37,40].
The basic idea of the synthetic iterative scheme is that the kinetic equation and a set of macroscopic equations (the diffu-
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sion equation when only the resistive scattering is considered) are solved simultaneously: the mesoscopic kinetic equation
provides high-order moments to the macroscopic equations, while the macroscopic equations provide the macroscopic
quantities appearing in the scattering term. Since the diffusion equation allows very efficient exchanges of information,
fast convergence is achieved [41]. When the Callaway model is considered, especially when the normal scattering is strong
and the resistive scattering is relatively weak, the limiting equations are no longer the diffusion equation but the Guyer-
Krumhansl equations [16]. Therefore, a novel synthetic iterative scheme different from the one with only the resistive
scattering is required. This is the main scope of the present work: to develop and analyze an efficient scheme for the
Callaway model and simulate more general phonon transport problems. We name the new scheme the general synthetic
iterative scheme (GSIS). The GSIS has been developed and successfully applied for rarefied gas flows. With the aid of the
macroscopic equations that are accurate over the whole flow regime and asymptotically preserve the Navier-Stokes limit,
the solutions to the Boltzmann equation for multiscale gas flows can be obtained within dozens of iterations. The GSIS has
been developed for linear/nonlinear systems of monatomic and polyatomic gases [42-44], and has recently been extended
for unsteady flows. This work is the first time the GSIS is developed for multiscale phonon transport problems. We will
focus on steady-state problems. It is mentioning that the proposed algorithm is straightforwardly extendible for unsteady
cases, where the time derivative in the governing equations will be retained and efficiently approximated by some implicit
time-marching schemes. When obtaining the transient solution of the PBE from one time to another, the equation should
be solved iteratively since the scattering term is not invertible. This is often called the inner iteration in a time-dependent
implicit scheme. Then, the GSIS can be directly applied to accelerate the convergence of the inner iteration between two
consecutive transient times.

The remainder of this paper is organized as follows: in section 2, the PEB combining Callaway’s dual-relaxation-time
model is introduced. In section 3, the CIS for the Callaway model is described, and the GSIS to improve the CIS is proposed.
The convergence rates of both schemes are rigorously analyzed by the Fourier stability analysis in periodic systems. In sec-
tion 4, three numerical examples in different phonon transport regimes are simulated to demonstrate the fast convergence
of GSIS. Summaries and outlooks are given in section 5.

2. Phonon Boltzmann equation: the Callaway model

The heat conduction in semiconductor materials can be modeled as the flow of phonon gas carrying energies, which
is described by the PBE for the evolution of phonon distribution function f. The modeling of phonon scattering is rather
complicated, and here we consider a simplified version, i.e., the Callaway dual relaxation times model [15,45]:

R N
ﬂ—kv-fo:M—i-M, (1)
ot TR N
where f(t,x, p,w,s) is a function of the time t, the spatial coordinate ¥ = (x1, X2, x3), the phonon polarization p, the
angular frequency o, and the unit vector along the direction of phonon propagation s = (cos#é, sin6 cos ¢, sin6 sin¢) with
6 € [0, ] being the polar angle between s and x; axis, and ¢ € [0, 27r] being the azimuthal angle between the projection
of s in the x, — x3 plane and x, axis. The phonon group velocity v = (v1, v2, v3) is defined as

v=Viw=]|v|s. (2)

Here k is the wave vector, and the frequency w can be determined from the dispersion relation w = wp (k). In this work,
we adopt the isotropic hypothesis, i.e., the frequency only depends on the magnitude of the wave vector and is independent
of its direction, and take the linear dispersion w = c|k|, where c is the Debye velocity of the solid. 7z and ty denote the
relaxation times of the phonon resistive scattering and normal scattering, respectively. The gray-matter assumption that the
relaxation times 7g and Ty are constant is employed. fe’g is the local equilibrium distribution for the resistive scattering,
following the Bose-Einstein distribution [46]

1
R
j F P E— (3)

1
= , (4)

where h is the reduced Planck’s constant, kg is the Boltzmann constant, T and u (related to heat flux q) are the macro-
scopic temperature and drift velocity, respectively. According to the energy conservation in both the resistive and normal
scatterings and the momentum conservation in the normal scattering, the equilibrium distribution functions satisfy
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R _
energy conservation: Z f/ hw feg = Dp(w)dQdw =0,
P TR
N _
Zf/ha)feq po(a))dea):O, (5)
TN
p
. -
momentum conservation: Z hk Dp(w)dQdw =0,
p N

with Dp(w) being the phonon density of state.
Consider a phonon system in which the temperature variation around the reference temperature Ty is small; we expand
fe’fl(T) at T =To and feIY; at T =Tp and u = 0 by Taylor’s theorem and retain only the first derivative. It becomes

R R afeIEI N N af(_f:’] aff%

J24(T) = J§(To) + =2 (T = To). fly(T.w) = fy(To. 0) + -4 (T = To) 4+ =22 . (6)

On substituting Eq. (6) into Eq. (1) and introducing the quantity
Dp(w
et x.p.w.9) =h 2 [~ f1y)). )
47 q

the PBE is linearized as

Je eR e eN _¢

4 v.Ve="% 4+ - (8)

at TR N

The unknown e has the physical meaning of the perturbation of energy density, and the corresponding equilibrium distri-
butions for the resistive and normal scatterings read [35]

R _C(T-To) v _C(T-Tp CTus

e , 9
€ 47 € 47 47 |v| ©)
where C, is the volumetric specific heat capacity defined as
dfsy dE
Cy =hwDpy(w)—2 = —, 10
v p(®) 5T — dT (10)

with E being the phonon energy. Since the gray model with a single frequency is adopted, according to the conservation
laws (5), the macroscopic variables are evaluated from the moments of e as

1 3
T:To—i——/edQ, u= /vedQ, q:/vedQ. (11)
Cy CyT
Introducing the following dimensionless variables
- X v - u ~ T—=T -
Xx=—, v=—, u=—, T= 0, q= 1 ,
L [v]| v To Cylv|To
e eX/N vt lv|T (12)
~ ~R/N eq R N
e= , e = , Kngp= , Kny= ,
G To % T CTo K= NTT
Eq. (8) is nondimensionlized as
~R ~ ~N ~
e,.—e e, —e
VoVgg=-d g (13)
KnR KnN

where the dimensionless equilibria are

r T vy T 3q-s
€eq= 37> Cea™ 5~
4r 4r 4m
and the dimensionless macroscopic quantities are evaluated as

T:/édsz, ﬁ=3/17éd£2, c]:ffrédsz. (15)

Note that in Eq. (13) the time derivative is dropped since we are interested in the steady-state solution. The two dimension-
less parameters Kng and Kny are the two important Knudsen numbers reflecting the regime of phonon transport dynamics
and the properties of heat conduction. A map of four different phonon transport regimes is quantitatively described by
different values of Knudsen numbers [16,47-49]:

(14)

)
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(a) Ballistic regime: Kng > 1, Kny > 1. The ballistic regime emerges when the characteristic length of the system is com-
parable to or smaller than the phonon mean free path. In this regime, the phonon transport is blocked by boundary
scatterings so that the thermal conductivity decreases significantly as the system size shrinks [50,7].

(b) Diffusive regime: Kng <« 1. The diffusive regime is the most commonly encountered regime, where the resistive scat-
tering is very strong. In this regime, Fourier’s law of heat conduction is valid.

(c) Hydrodynamic regime: Kny < 1 < Kng. The phonon hydrodynamic regime happens when the normal scattering domi-
nates the heat conduction, i.e., in extremely low temperature or low-dimensional materials. In this regime, the normal
scattering is much stronger than the boundary scattering, while the boundary scattering is much stronger than the
resistive scattering [3,51].

(d) Ziman regime: Kny < Kng < 1. In this regime, the resistive scattering is very strong, and the normal scattering is also
not negligible.

In the following sections, the tilde symbol will be omitted without confusion.
3. Iterative schemes
3.1. Algorithms

The steady-state solution of Eq. (13) is usually solved by the CIS: given its value at the n-th iteration step, the distribution
function at the next iteration step is resolved from

9o+l efdn _ e+l eé\’dn _ e+l 6
ox Kk Kaw (16)
In this work, the spatial derivative is approximated by the second-order upwind finite difference scheme (degrades to the
first-order upwind scheme in the layer at boundaries) or the discontinuous Galerkin method. The equilibrium distribution
functions efq’" and eé\’q’" are calculated by the corresponding macroscopic quantities, say M" = [T", q"]" (the superscript
‘T’ is the transpose operator), which are obtained from e" at the n-th iteration step according to Eq. (15). The boundary
condition is also determined from e" if necessary. Once e"*! is obtained, we update the macroscopic quantities to M"*1.
The iteration terminates when the relative error in the macroscopic quantities between two consecutive iterations is less
than a preassigned value. The CIS is efficient when Kng and Kny are not small, where the converged solutions can be
obtained within a few iterations. However, the total number of iterations needed has a sharp increase when either Kng or
Kny becomes small; because the propagation of information (e.g., temperature perturbation from the boundary) that relies
on phonon propagation is inefficient when phonon suffers strong scattering.

To expedite the convergence, that is, to reduce the number of iteration steps, the GSIS is proposed. The critical ingredient
in the GSIS is that macroscopic synthetic equations are simultaneously solved with the transport equation to guide the
evolution of the macroscopic quantities and the distribution function. The synthetic equations are designed as follows.
On multiplying Eq. (13) by 1, v;, v;vj, respectively, where i, j =1, 2,3 represent the three orthogonal directions of the
Cartesian coordinates and integrating the resultant equations with respect to the solid angle €2, we obtain the following
moment equations for temperature and heat flux (the Einstein summation convention is used)

0
%k _ (17)
Xy
10T = dN 1
S U (18)
3 3)(1‘ axk Kng
20qi  OMy;j 1
2944 Mk — N, (19)
5 8Xj> 8Xk Knc

where Kng1 = KnE] + I(n,g1 is the overall Knudsen number and

dqi 10gq; 19q; 190
a0 _ 1w 100y 10, 20)
oxjy  20x;  20x; 3 0x

with § being the Kronecker function. The definition of the moments Ny and M j, reads

1
Niiky 2/ (Vin - §8ik> edQ2, (21)

1
Mijjky = / VivjvieedQ — = /(V,’Sjk + v;dik + vidij)eds, (22)

which are symmetry and trace-free tensors [20]. Note that on deriving Eqs. (17) and (18), the fact that energy is conserved
in both the normal and resistive scatterings and momentum is conserved in normal scattering has been applied.

5
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The moment equations are not closed because the equation (19) for Ny, contains the high-order moment M jji that
is unknown in terms of lower-order moments. Fryer and Struchtrup [20] closed the equations by Grad’s moment method,
where the distribution function is truncated and approximated by a limited number of moments based on the principle
of maximum entropy. If T,q; and N, are chosen as the variables in the moment system, M jj,) vanishes, and the above
momentum equations are reduced to the Guyer-Krumhansl equations. If M jji) is also considered as the variables, additional
constitutive relation is formulated for M, resulting in the 16-Moment equations. With the truncation on the high-order
moments, the Grad’s moment equations are only valid in regimes of modest Knudsen numbers. In this work, since we are
considering phonon transport over the whole range of Knudsen numbers, we close the equations (17)-(19) by calculating
M ijky with respect to its definition (22), using the solution of the distribution function from the Boltzmann equation. In this
way, all the ballistic effects are included in M jjiy, and no truncation is introduced. Details of implementation are described
below.

After obtaining the macroscopic synthetic equations, we elaborate on the procedure of the GSIS. Given the distribution
function e" and the macroscopic quantities M™ at the n-th iteration step, their values at the (n + 1)-th step are updated as
follows:

1. An intermediate solution of the distribution function at (n + 1/2)-th step is first obtained by solving the phonon trans-
port equation

gen+1/2 efq'" _en+1/2 . egldn _eht1/2 23)
ax Kng Kny ’

where the equilibrium efq’” and e";’d" are evaluated from M™ and the boundary condition is determined based on e";
2. The intermediate e"*1/2 is then used to evaluate the high-order moment M?i;;:)/ 2 and the macroscopic quantities M"*+1/2
at boundaries according to Egs. (22) and (15);
3. Provided with the high-order moment and boundary condition, the macroscopic quantities M"*! are resolved from the
synthetic equations
aqz-i-l
8xk

1
1 aTﬂJrl 1 n+
1 LI IS ik _ . (24)
3 0x; Kng ™ Xy
n+1 n+1/2
o 2% Mg
Knc ) 75 9xj 3

’

which will be further used to calculate the equilibrium distributions in Eq. (23) in the next round of iteration;
4. The distribution function is simply updated as "1 = e"*1/2,

The above steps are repeated until the difference between M™ and M"™*! is less than a small value. In this way, the GSIS
can achieve fast convergence. This is mainly due to the fact that information propagation now depends on the evolution
of macroscopic quantities, where the macroscopic synthetic equations directly pull the solution towards the steady state;
consequently, the intermediate evolution through phonon propagation is averted hence the scheme is very efficient. The
implementations of both the CIS and GSIS are sketched in Fig. 1.

3.2. Fourier stability analysis
In this section, we adopt the Fourier stability analysis to rigorously calculate the convergence rates of both the CIS and
GSIS in systems with periodic boundary conditions, that is, to see how fast the error decays as the iteration is carried
forward.
We first consider the CIS and define the error function between the distribution functions at two consecutive iterations
as [52]
Yk, 5) =" (x,5) — (%, 9), (25)
and the error functions for the macroscopic quantities M = [T, q]" between two consecutive iteration steps as
n+1 n+1 n+1 T
o =0T ), @ ()]
=M (x) — M"(x) = / Y™ (x, )¢ (v)dQ,

6
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begin

/ initialize phonon distribution /

I perform boundary condition }‘7

I update distribution function by BTE I

elect algorithm mode

solve the macroscopic compute the moment
moment equation of phonon distribution

GSIS CIS

compute macro-quantities and
equilibrium distribution

Fig. 1. Schematic of procedures for CIS and GSIS. Generally, both schemes follow similar solution routines. The major difference lies in the way to update
macro quantities. In CIS, the macro quantities at the new iteration step are calculated by taking moments of the distribution function. In GSIS, the macro
quantities are obtained by solving the macroscopic synthetic equations.

where ¢(v) =[1, v]. On substituting Eqs. (25) and (26) into Eq. (16), it is found that Y"+1(x, s) satisfies
1 1 3
v.vy™l 4yl = Pl 4+ ——v. oL (27)
Knc 47 Knc 477 Kny q
To determine the convergence rate, we perform the Fourier stability analysis and express the error functions as

Y (x,5) = y" (s) exp(if - %), (28)
Nl (x) =i exp(if - %), (29)

T
where 0 = (1, 6, 63) is the wavevector of perturbation, 1 is the imaginary unit, and y"*' and o' = [a'}“,aﬁ“] are
the Fourier expansion coefficients. Substituting Eq. (28) and (29) into Eq. (27), we obtain the relation between y and oy as

. n+1 _ T 3Knc n

(1+iKncv-6)y =1z or + T Ky Voo (30)
Note that we only consider the single Fourier mode exp(i6 - x) because Eq. (27) is a linear system, and all the other modes
independently follow the same relation of (30). For simplificity, we consider general two-dimensional problem and set
#3 = 0 without losing essential properties of the error evolution. We further constrain that |0|% = 912 + 922 = 1. Although the
actual perturbation may have various values of ||, from Eq. (30) we can see that y"™t! depends on @ through the product
Knc#. For cases |6| # 1, the convergence rate can be obtained by replacing Knc with Knc|6| and keeping the ratio Knc/Kny
unchanged.

On introducing Egs. (28), (29) and (30) into Eq. (26), we have

ah ! =Caly, (31)

where the 3 x 3 matrix C is
ci [y'dQ e [viy'dQ c2 [v2y'dQ
C=|cafviydQ o [viydQ o [vivaydQ |, (32)
a [vaydQ o fvivay'dQ o [viy'dQ
with
1 3knc 1
"Zar T agkay Y T 1+iknev-6



J. Liu, C. Zhang, H. Yuan et al. Journal of Computational Physics 467 (2022) 111436

Eq. (31) allows us to determine the errors of the macroscopic quantities recursively
1 1
oy =Copy = =C"®y,. (34)
Given an initial guess of the macroscopic quantities M©, this yields the estimation

I®h Il M — M7

= =€~ p". (35)
[C2A M — MO

p is the magnitude of the largest eigenvalue of the matrix C, i.e., the convergence rate. Eq. (35) implies: when p > 1, the
iteration is unstable; when p < 1 the iteration converges, however the convergence is very slow if p >~ 1; and the iteration
can efficiently suppress the error when p ~ 0.

The convergence rate p can be obtained by numerically computing the eigenvalues of the matrix C and taking the
maximum absolute value. The results as a function of Kng and Kny are shown in the left plot of Fig. 2. It is clear that when
both Kng and Kny are large, p goes to zero so that the error decays quickly. That is, the CIS is quite efficient in the ballistic
regime. However, when either Kng or Kny is small, the convergence rate p is close to 1, which indicates that the CIS works
inefficiently such that it requires large numbers of iteration steps for convergence in the diffusive, hydrodynamic, and Ziman
regimes.

To evaluate the convergence rate of the GSIS, the error function for the distribution function is modified as

Yn+]/2(x, s) — €n+l/2(x’ s) _ eﬂ(x’ s) — yn+]/2(s) exp(io .x)‘ (36)

According to Eq. (23), y"T1/2 has the same solution (30) as that for y"*! in the CIS. The error functions of the macroscopic
quantities are still defined as <I>7V,Jrl = M™1 — M". However, unlike the CIS where <I>’,§,,H are directly calculated as the
integrals of the error function for the distribution function, in the GSIS they are obtained from the macroscopic synthetic
equations (24), in which T"*! and ¢"*! are replaced by "' and @}’ N?,.;T>1 are replaced by
n+1 _ nn+1 _ no_ n+1 .
(DN@-,») = N<ij> Nw) =aN exp(if - x), (37)

and M jji, are replaced by
1/2 1
c1>’ﬂ',,fiﬂ</) E/v,-vjvkyn“/zdsz - gf(v,-(sjk + v 8k + vidip YT/2dQ, (38)

because only the highest-order moment M jji is calculated from the distribution function when solving the synthetic equa-
tions. After some simple algebraic calculates we have

ifag ! =0,
1 1
it 4 — ™ 4 igatt! =0,
3T Kng @ TN 50)
[P TS RS R B B . n+1/2 39
EQNW) + gl@j(xqi + gl@,’(xqj =—16 | vivjvry dQ

1
+ gi@k f(visjk + Vvidi + Vkﬁij)ynJrl/de.

On eliminating o:;'\,x; and replacing y"t1/2 by its solution (30), we eventually obtain the following 3 x 3 linear systems for

general two-dimensional problems

Lo ' =Raly, “o
where
0 161 i6,
T I T I ]
1i6, Kic 16 15607 + 29907 + 7 (41)
0 0 0
R=|c1[s1ydQ cz [vis1y'dQ c2 [vas1y'dQ |,

C1 szy/dQ C2fV152y/dQ szVZSzy/dQ

with
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Fig. 2. The contours of convergence rate p as a function of the Knudsen numbers Kng and Kny (in logarithmic scales) from 1073 to 10° for both the
CIS (Left) and the GSIS (Right). The results are obtained considering general two-dimensional problems when the wavevector of perturbations is set as

0=(1/v2.1/2).

Ty T, I adiabatic
dT
xz‘ — L — H T dx,
|
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Fig. 3. Schematics of (a) quasi-one-dimensional heat conduction in an infinitely thin sheet with a length L induced by the different temperatures of the left
and right boundaries; (b) quasi-one-dimensional heat conduction in an infinitely long film with a height H induced by a constant temperature gradient in
its longitudinal direction. The boundaries in the transverse direction are adiabatic.

2 1 1
s1=—Knc |:912 (v% — §> V1 +6162v3vy 4 0162 (v% - §) vy 462 (v% — §> v1} ,

1 1 2
sy =—Knc |:912 (V% — g) vy 4616, <V§ — g) 21 +9192V1V% +922 <V% — g) Vz] .

Consequently, the convergence rate of the GSIS is calculated as the maximum magnitude of the eigenvalues of the matrix
L~ 'R. The results are shown in the right plot of Fig. 2. It is clearly illustrated that compared to the CIS, the GSIS greatly
improves the iteration efficiency especially in regimes of small values of Kng and Kny. The convergence rate can always
be maintained under 0.2, which means that only two iterations are required to reduce the iterative error by one order of
magnitude.

Note that in Fig. 2, the convergence rates are obtained when (61, 62) = (l /ﬁ, 1 /ﬁ). Different values of 67 and 6, make

no difference in the results since the convergence property depends on the values of Knudsen numbers, i.e., it is determined
by the wavelength of error mode but not the direction.

(42)

4. Numerical tests

In this section, we numerically demonstrate the performance of GSIS and CIS in three confined systems that can be
treated as prototypes for real engineering applications.

4.1. Quasi-one-dimensional heat conduction across an infinitely thin sheet

The quasi-one-dimensional heat conduction across an infinitely thin sheet of a characteristic length L = 1, as shown in
Fig. 3(a), is simulated by both the CIS and the GSIS. The simulation domain is set as x; € [0, 1]. Temperatures deviated from
the reference temperature on the left and right boundaries are Ty = 1/2 and T¢ = —1/2, respectively. The thermalization
boundary condition is adopted for the distribution function of phonon interacting with the isothermal surface, where a
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phonon is absorbed as it strikes the boundary, and a new phonon in the equilibrium state with the boundary temperature
is emitted into the computational domain. Therefore, the distributions of the phonon reflected from the boundaries are

T T
e(x1=0,v;>0)=— e(x;=1,v; <0)= <. (43)
4m 4

For this one-dimensional case, the moment equations can be simplified to dq;/9x; =0, i.e., the heat flux is a constant,
while the temperature satisfies

Kin 0T e King 2o Mg = (44)
3 ax; C RaX% 11 = —(q1.
On integrating Eq. (44) with respect to x; over the domain and considering the symmetry around x; = 1/2, we obtain the
solution at the (n + 1)-th step as

3 1 3M“+1 /2
T = — "1 (- —x; ) 4 3Kknc —1—. 45
kgt \g 7)) 3= (45)
The constant heat flux is calculated from the temperature and high-order moment at the boundary as
2Kn n+1/2
il SR 2l oKncKng ——| (46)
3 X
X1 =0 1 X1 =0

where T"+1/2|, _¢ is the temperature at the boundary that are evaluated from the distribution function e"+1/2,
For numerical simulation, the spatial domain is discretized by the following non-uniform grid nodes

X = (10 —15d + 6d2), d=(0,1,.... Ny — 1)/(Nx — 1), (47)

and totally Ny = 101 are used. The spatial derivatives in the governing equations are approximated by the second-order
finite difference method. The Gauss-Legendre quadrature is adopted for the numerical integration with respect to the solid
angle  and 60 discrete points are used in the polar angle, i.e., Ny = 60. The iteration is assumed to converge when

1
e=/|T”+l —T"dx; <1.0x 1077, (48)
0

To illustrate the convergence properties of the CIS and GSIS, we compare the convergence histories of the two schemes
in terms of the intermediate temperature profiles at selected iteration steps. The results when Kng = 1072 and Kny = 10°,
i.e,, the phonon transport belongs to the diffusive regime, are plotted in Fig. 4(a) and (c). In the CIS, starting from the initial
condition T = 0, the heat flux from the boundaries quickly changes the temperature locally (within about one phonon
mean free path away from the boundaries); however, due to the frequent resistive scattering, it takes a large number of
iteration steps for the perturbation to propagate into the bulk region. For example, from Fig. 4(a) we see that about 500
iteration steps are consumed for the temperature at x = 0.5 to feel this change; then, it costs additional 2000 steps to adjust
the temperature towards the final linear profile. Such a slow convergence is completely changed in the GSIS, where the
temperature is updated according to the macroscopic equations (44), in which the dominated part is 9T /9xq; = —3q1/Kng
when Knpg is small and Kny is large. This implies that the temperature in the bulk region can be immediately corrected
to be nearly linear, which is the major reason for the fast convergence of the GSIS. As we can see from Fig. 4(c), the
temperature in the bulk region has perceived the perturbation from the boundaries just after 1 iteration, and varies linearly
as the computation continues.

Now we consider the convergence property for the phonon transport in the hydrodynamic regime with Kng = 10° and
Kny = 1073, Due to the non-negligible effect of high-order moments, the steady-state temperature has a profile that varies
significantly near the boundaries but has almost zero value in the bulk region. The results from the CIS are plotted in
Fig. 4(b). It is found that as the iteration processes, the perturbation from the boundaries first propagates into the bulk
region, e.g., during the first 900 steps; then the effect from the high-order moments gradually manifests, and it slowly
regulates the temperature in the bulk region to the final state, which cost other several thousands of steps. The results
from the GSIS are illustrated in Fig. 4(d), where the slow convergence, again, is changed. It is interesting to note that the
temperature is immediately adjusted in the bulk region after 1 iteration, just as that found in the previous case; this is due
to the fact that the high-order terms are explicitly evaluated from the first solution of the distribution function, which is
very close to zero, especially in the bulk region; in other words, during (but only during) the first iteration, the macroscopic
equations behave like the diffusion equation. However, after then, the high-order moment quickly becomes effective, and
the temperature reaches the steady state within several iterations. Therefore, with the help of the macroscopic synthetic
equations that allow a very efficient exchange of information, the GSIS realizes fast convergence in the whole computational
domain.
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Fig. 4. Inmediate temperature profiles of quasi-one-dimensional heat conduction in an infinitely thin sheet at different iteration steps obtained from CIS
(a, b) and GSIS (c, d). In (a, ¢) Kng = 1072, Kny = 10°, and in (b, d) Kng = 10>, Kny =103,
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Fig. 5. Steady-state temperature profiles of quasi-one-dimensional heat conduction across an infinitely thin sheet. (a) Diffusive regime: Kny = 10°, Kng =
0.1,0.01; (b) phonon hydrodynamic regime: Kng = 10°, Kny = 0.1,0.01; (c) Ziman regime: Kng = Kny = 0.1, Kng = Kny = 0.01; (d) ballistic regime:
Kng = Kny =1, Kng = Kny = 10, Kng = Kny = 10°.
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Table 1
Numbers of iteration steps cost by CIS and GSIS for converged solutions [Eq. (48)] for quasi-one-
dimensional heat conduction across an infinitely thin sheet.

Kng 10 1 0.1 0.01 10° 10° 10° 10° 10° 0.01

Kny 10° 10° 10° 10° 10 1 0.1 0.01 0.001 0.01

cIs 4 9 83 2547 5 13 69 608 7015 4025

GSIS 5 8 17 19 6 11 14 15 16 19
Table 2

Numbers of iteration steps n cost by CIS and GSIS for converged solutions [Eq. (51)] for quasi-one-
dimensional heat conduction in an infinitely long film. The iteration step of CIS in the last column
is not shown, but it can be deduced that the number is over 1 million.

Kng 10 1 0.1 0.01 10° 10° 10° 10° 10°
Kny 10° 10° 10° 10° 10 1 0.1 0.01 0.001
cIs 81 22 37 43 87 64 892 54614 -
GSIS 81 22 32 30 8 39 35 60 68

Fig. 5 shows the temperatures predicted by the two schemes under various combinations of Kng and Kny. Results from
the GSIS are in good agreement with the analytical solutions [45]; therefore the accuracy of the GSIS is validated. Note that
as a fine enough spatial grid is used, the CIS results are considered accurate. We record the total numbers of iterations
needed for the convergence of the schemes in Table 1. It is found that the iteration numbers are significantly reduced by
the GSIS when either of the Knudsen numbers is small. When both the Knudsen numbers are large, the two schemes cost
almost the same number of iterations, and both are efficient.

4.2. Quasi-one-dimensional heat conduction in an infinitely long film

In this section, we consider a quasi-one-dimensional heat transport in an infinitely long film having a characteristic
height of H =1, see Fig. 3(b). The simulation domain is (x1,x3) € [-0.5, 0.5]%. The periodic heat flux boundary condition
is applied on both the left-hand and right-hand ends to preserve a constant temperature gradient along the longitudinal
direction, while the other two boundaries are adiabatic. This implementation of boundary conditions can model the heat
transport in an infinitely long sample and avoid a large number of spatial grid cells along the longitudinal direction [53,41].
The distribution functions at the left and right boundaries are given as

AT
e(x1=—-0.5,x,v1 >0 =— 4+e(x1 =—-0.5,x, vy >0),
4 (49)
AT
e(x1=0.5,%x,v1 <0) = I +e(x1 =0.5,x2,v1 <0),

where AT =1 is the temperature difference between the two ends. Two kinds of numerical treatments are available for the
adiabatic boundary: the specular scheme and the diffuse scheme. Due to material roughness, the diffuse scheme is often
a better approximation, which assumes that the direction of the phonon leaving the boundary is independent of that of
the incident phonon. We adopt the non-thermalizing diffuse scheme for the bottom and top boundaries to ensure accurate
energy conservation [53]

fv2<0 e(x1,xy = —0.5)v,dQ
fvz>0 vodQ2

fV2>0 e(x1,x; =0.5)v,dQ
fv2<0 vodQ2

For simulations, Ny, = 3 equidistant spatial nodes are used for the x;-direction, and Ny, = 101 non-uniform nodes deter-
mined by Eq. (47) are employed in the x-direction. An angular resolution of Ny =24, N, =24 is adopted. The convergence
criterion is

e(x1,x3=—-0.5,vp >0)=— s

(50)

e(x1,Xx2=0.5,vy <0)=—

0.5
€= f IT" (%1 =0,x) — T"(x1 =0, x2)|dx2 < 1.0 x 1077, (51)
—0.5

Fig. 6 shows the steady-state heat fluxes along the x; direction in the diffusive and hydrodynamic regimes obtained
by both the CIS and GSIS under different combinations of Knudsen numbers. Again, the two schemes predict almost the
same results. The numbers of iteration steps are listed in Table 2 for both the schemes. For all the cases when either Kng

12
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Fig. 6. Steady-state heat fluxes along the transverse direction of quasi-one-dimensional heat condition in an infinitely long film. (left) In the diffusive regime
with Kny = 10° and different Kng = 10, 1,0.1,0.01; (right) in the hydrodynamic regime with Kng = 10° and different Kny = 10, 1,0.1,0.01.
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Fig. 7. Quasi-two-dimensional heat conduction in square domain. (a) Triangular mesh used to partition the domain. Temperature contours: (b) Kng =0.01,
Kny =107, (c) Kng =0.1, Kny = 10°, (d) Kng =1, Kny =1, (e) Kng =10, Kny = 0.01 and (f) Kng = 0.001, Kny = 10°, where the right half domain in each
subplot illustrates the result obtained from GSIS. In (b)-(e), the left half domain shows the result obtained from CIS. The left domain in (f) is the analytical
solution obeying Fourier’s conduction law.

or Kny is small, the GSIS costs much fewer iterations to obtain the steady-state solutions. For example, when Kny = 0.01
and Kng = 10°, the total iteration number for the CIS is 54614, while the GSIS only takes 60 iteration steps thus the total
number of iterations is nearly reduced by 3 orders of magnitude in the GSIS.

4.3. Quasi-two-dimensional heat conduction in a square domain

Now we consider the quasi-two-dimensional heat conduction within a square domain of dimensions [0, 1] x [0, 1]. The
upper boundary of the square is maintained at a higher temperature Ty = 1, and that of the other three boundaries is
Tc = 0. We first consider four groups of Knudsen numbers to compare the temperature contours obtained from the GSIS
and CIS: Kng = 0.01, Kny = 10°; Kng = 0.1, Kny = 10°; Kng = 1, Kny = 1; and Kng = 10, Kny = 0.01. The problem is
simulated on the triangular mesh as illustrated in Fig. 7. The mesh is generated in the following way: firstly, 10 seeds are
distributed along the x; and x; directions according to Eq. (47) to partition the domain into 10 x 10 rectangles; then, each
rectangle is split into two uniform triangles by connecting one pair of its across corners. This results in a mesh with totally
200 triangles and the maximum (minimum) cell size, i.e., the triangular height is about 0.13 (6.1 x 10~3). The 4th-order
discontinuous Galerkin (DG) finite element method is employed to discretize the kinetic equation as well as the moment
equations in the spatial space. The DG method that was first introduced to solve the steady neutron transport equation has
been successfully applied for simulating phonon transport problems [54]. The detailed DG formulations can be found in the
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Table 3

Numbers of iteration steps n and CPU time cost by GSIS and CIS for converged solutions [Eq. (52)]
for quasi-two-dimensional condition problem under different combinations of Kng and Kny. N is the
number of triangles of spatial meshes, Ny and N, are the numbers of discrete points for angular resolu-
tions. CPU time is counted by running each case on a single Intel Xeon-E5-2680 processor. The iteration
step and CPU time of CIS for the case of Kng = 0.001 and Kny = 10> are not shown, but it can be
deduced that the number of steps is over 1 million and the CPU time is more than 60 hours.

case Nei Ny Ny GSIS CIS

Kng Knn n CPU time [s] n CPU time [s]
0.001 10° 200 20 40 43 23.6 - -

0.01 10° 200 40 80 24 54.2 13234 28938.5

0.1 10° 200 40 80 26 59.3 269 587.2

1 1 200 80 160 28 260.4 29 255.5

10 0.01 200 40 80 47 106.9 1883 4112.2

Appendix. An angular resolution of N9 =40 and N, = 80 is adopted, except for the case of Kng =1, Kny =1 where we set
Ng =80 and Ny, =160 to get a smooth solution. For all the calculations, both the GSIS and CIS iterations are terminated

when
f [T+ — Tn|2dx dx, _7
€= 1.0x 107", 52

\/ f|T”|2dX1dX2 = x 2)

For the GSIS, the macroscopic quantities at the (n + 1)-th step are updated as
M™! = M* + (1 - p) M°, (53)

where M* denotes the solution from the synthetic equations, and M¢ are evalued from the solution e"*! according to (11).
The limiter 8 is defined as

_ min (Kng /Hj, Kngy)
N Kng/H;

where H; is the dimensionless height of a local triangle that characterizes the local cell size; Kn;, is a preassigned thresh-
old value that is set as Kn;, = 100 when Kng = 10, and Kng, = 1 otherwise. This implementation is introduced to retain
numerical stability since the high-order terms become very large when the local ballistic effect near the solid corners is
significant.

The four boundaries of the domain are modeled as isothermal surfaces with the given temperatures. Thus, when solving
the kinetic equation, the distributions of the phonon reflected from the boundaries are determined as

Th Tc
e(x=1,v-n>0=—, e(x;=0,1lorx;=0,v-n>0)=—, (55)
4 4
where n denotes the unit normal vector of the boundaries pointing into the domain. For the moment equations, we impose
the boundary condition in the following ways. The system is similar to the Stokes equations for fluid if T and q are
analogous to the pressure and velocity vector of the Stokes flow. Therefore, the isothermal boundary condition can be
implemented as the same as the pressure inlet condition for the Stokes equations [55]: the given temperature is imposed
on the Neumann boundary by a pseudo-traction vector; while the heat flux at the boundary is obtained as part of the
solution. However, when the conduction occurs in the phonon hydrodynamic regime with Kng =10 and Kny = 0.01, the
Neumann condition may lead to complete wrong solutions because the rapid change of temperature in the vicinity of
boundaries can result in a significant overestimation of heat flux. Then for this case, we specify the values of heat flux
at the boundaries just as the Dirichlet condition for Stokes flows. The boundary values of temperature and heat flux are
calculated from e"+1/2 to ensure the correct temperature jump.

Fig. 7(b)-(e) compare the temperature contours predicted by the GSIS (shown on the right half domain) and the CIS
(shown on the left half domain). The two schemes obtain almost the same results in different phonon transport regimes.
The numbers of iterative steps and the CPU time cost by each scheme are listed in Table 3. The convergence property is
coincident with that found in the previous sections for the one-dimensional problems: the GSIS can find the steady-state
solutions within several dozens of iterations for all the groups of Kng and Kny; when any of Kng and Kny is small, the
GSIS can significantly reduce the iteration steps, compared to the CIS. Since the additional time used to solve the moment
equations is much smaller than that for the kinetic equation, the saving of CPU time by the GSIS is proportional to the
number of iterations it reduces; hence the GSIS can be much faster than the CIS.

Finally, we push the simulation towards the Fourier conduction limit to check if the GSIS can recover the solution
predicted by the Fourier’s conduction law on such coarse mesh with a cell size much larger than the phonon mean free
path. To this end, we set Kng = 0.001, Kny = 10°, so the maximum (minimum) cell size is more than 100 (about 6) times
the mean free path. The Fourier’s solution is determined by the Laplace equation V2T =0 as

) (54)
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(56)

Th—Tc sinh (mm)

T-T 2 N (=DM sinh (mx
¢ — Z L sin (mmxq) #
T
m=1

In Fig. 7(f), the right half domain plots the temperature contours obtained from the GSIS (terminated at the 44th iteration
when € < 107), while the analytical solution (56) is illustrated in the left half domain. It is found that the two results
are in good agreement. Therefore, the GSIS can recover the Fourier’s limit. However, the CIS hardly gets a solution for this
problem due to slow convergence, where the convergence rate is nearly 1.

5. Conclusions and outlooks

We have developed the general synthetic iterative scheme to expedite the convergence of the conventional iterative
scheme in finding steady-state solutions for multiscale phonon transport problems that Callaway’s dual-relaxation model
describes. The critical ingredient of the new scheme is that a set of macroscopic moment equations is tightly coupled and
simultaneously solved with the Boltzmann transport equation. The synthetic macroscopic equations are strictly derived from
the Boltzmann transport equation, which contain not only the diffusive/hydrodynamic part but also the high-order moments
taking account all the ballistic transport effects. During the iteration, macroscopic quantities such as temperature and heat
flux are resolved from the macroscopic equations, which are used to calculate the equilibria in the scattering terms and
guide the evolution of the phonon distribution function; meanwhile, the distribution function obtained from the Boltzmann
transport equation provides the highest-order moments for the closure of the macroscopic synthetic equations. Since the
macroscopic equations allow very efficient exchange of information over the whole computational domain, fast convergence
in the entire range of Knudsen numbers is realized.

The Fourier stability analysis has been conducted for systems with periodic boundary conditions. The convergence rates
of the two schemes have been rigorously calculated; thus the superiority of the new scheme over the conventional one
has been revealed. It has been shown that the convergence rate of the GSIS can always be maintained under 0.2 so that
only two iterations are required to reduce the iterative error by one order of magnitude. Several numerical tests in different
phonon transport regimes further demonstrate the efficiency of the GSIS, especially in the diffusive and hydrodynamics
regimes, where the number of iteration steps, as well as the CPU time, are reduced by up to three orders of magnitude in
the GSIS, compared to the conventional scheme.

For future works, we will extend the GSIS to nonlinear systems and multi-frequency model and consider unsteady-state
problems.

CRediT authorship contribution statement

Jia Liu: Investigation, Methodology, Software, Writing - original draft. Chuang Zhang: Funding acquisition, Methodology,
Writing - original draft, Writing - review & editing. Haizhuan Yuan: Funding acquisition, Writing - review & editing. Wei
Su: Conceptualization, Investigation, Methodology, Writing - original draft, Writing - review & editing. Lei Wu: Conceptual-
ization, Investigation, Methodology, Writing - original draft, Writing - review & editing.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Data availability

Data will be made available on request.
Acknowledgements

The authors acknowledge the financial supports by National Natural Science Foundation of China under grants 11871414
and 12147122, the Science Foundation Project of Hunan Excellent Youth (2019]J30022), and the China Postdoctoral Science
Foundation under grant 2021M701565.

Appendix A. Discontinuous Galerkin formulations

When considering the heat conduction in a two-dimensional square domain, the discontinuous Galerkin (DG) finite
element method is applied to discretize the governing system on triangular meshes in the physical space. We present the
detailed formulations in this section. Let Z € R? denoting a computational domain with boundary dE in the x; — x, plane,
which is partitioned into Ng; disjoint regular triangles A;: E = U,Ne‘{A,}. The boundaries of the triangles define a group of

Ny faces T'c: T = U,Ne’{aA,} = U?Ifc{r‘c}. For the solution of the kinetic equation (16), approximations of the distribution
function e are sought in the following piecewise finite element space
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V={va: vala e PX ap,va c g, (A1)

where PX (D) denotes the space of K-th order polynomials on a domain D. We introduce the notations (a,b)p =
fDeRZ (a®b)dxydxy and (a,b)p = fDeRl (a®b)dI', where ® can be either the dot (-) or tensor (®) product. The DG
formulation to find the approximations of e within each A; at each iteration step is

1 N 1 1
— (Wop, @), (e, H -MYgp — (Ve Ve =—( ,eR) +—( ,eN> , A2
Knc Vel @) p, + (Vel Yoa, — (Vier, ve) Kix Vel €eq o Ky Vel, €eq A (A2)
where n is the outward unit normal vector of 3A; and H is the numerical flux that depends on the solutions from both
sides of dA; since the approximations of e are discontinuous there. We calculate the numerical flux using the first-order
upwind principle as

I:I-n:%v-n(e+e*)+%|v-n|(e—e*), (A3)

with e* being the distribution from a neighboring triangle that shares the boundary dA; with A;. If A, is at the boundary
of computational domain, i.e. dA;NJE # 0, e* is evaluated using the given boundary condition. Once e* is known, e in A;
can be obtained by solving the linear system (A.2). A sweeping technique is utilized to find e in an element-by-element
fashion along the characteristic direction [56], i.e., direction of v.

The synthetic macroscopic equations are solved by the hybridizable discontinuous Galerkin (HDG) method, where we
first rewrite the steady-state governing equations (17)-(19) into the following mixed system

Gu+V-1Gc +Gal =0,

Knc (A4)

where
0
0 q
ao-[ 2] o= 1] s |
Tl Y | T —(P+PT—2r(P)I (A5)
and
IM IM 1 (oM M 1 (oM aM
= c 3)(11” + BX1212 + 7( BX212] + 82(2222) 7( 8)(112] + 8)(1222) (A 6)
% (318‘(;1121 + 315/;1222) % (31;’/;1111 + 315/;1212) + 3%{2121 + 315/{3222

with I being the identity matrix and tr (P) denoting the (linear algebra) trace of P. The auxiliary variable P is introduced
to approximate the gradient of heat flux Vq. As a result, the stress Nj, in (19) is equal to

2
Ngjy =— (Pij +Pji — §Pkk5ij> . (A7)

The quantities M = [T, q]" as well as the auxiliary variable P are approximated within A; in the finite element space V; the

~ S L . i
traces of temperature and heat flux M = [T, q} , i.e., the values of these field variables on the faces Y, are approximated
in the following piecewise finite element space

W={se: vselr. e PK o) Ve e ). (A8)

It is assumed that M are singled-valued on each face.

The HDG method solves the system in two steps: first, a global problem is set up to determine the traces M; then a
local problem with M as the boundary condition on 94, is solved element-by-element to obtain the solutions for M and
P. The weak formulation for the local problem is to find (M, P) € [V]> x [V]* such that

(r.Guw)a, — (VI G+ Ga)a, + (r. F-m)ya, =0,

Knc Knc . (A.9)
(t, P)p, + 5 (V-t, @ — T(t “n,q)on = (E, M)y, ,
for all (r,t) € [V]® x [V]*, where the numerical flux F is defined as:
A q A~
- Fr-n T-T
F-n=| . = A -n+ N A10
[Fq-n] %T—(P—FPT—%U(P)I) [q—Q] (10
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The global problem is set up by enforcing the continuity of the numerical flux over all the interior faces. It is stated as: find
M e [W]? such that

<(f’-n)+,w> +<(f7~n)_,w> —0, onl.eT\dE, (A11)
r. r.

for all w € [W]* Here the superscripts + denote the numerical fluxes obtained from the triangles on both sides of the
face. On boundary faces I' € YN 3 E, M are determined from boundary conditions. In this paper, we consider two types of
boundary condition: the Dirichlet condition where the given value of heat flux g, is imposed on the Dirichlet boundary Yp
so that

(@—ap, w),_ =0, onTcep, (A12)

and the Neumann boundary Yy where the given value of temperature T}, is imposed on the Neumann boundary in a way
analogue to the pseudo traction on the Stokes flow [55] so that

N + T
<(Fq-n) —?bn+,w> =0, onI.eYy. (A13)
I'c
Here we assume that for a boundary face, only the triangle on the ‘+’ side exits.

On assembling the local problem (A.9) and the global problem (A.11) to (A.13) over all the triangles and faces, we can
obtain a matrix system of form

Am Ap Ag M Sm
Bm Bp By ]If =1 Sp |, (A14)
Yy Yp YM M SM

where M, P and M are the vectors of degrees of freedom of the field variables M and the auxiliary variable P, as well as
the traces of the field properties M, respectively. Note that the degrees of freedom for M and P are grouped together and
ordered element-by-element. As a consequence, the corresponding coefficient matrix [Ap, Ap; BM, Bp] has block diagonal
structure. Therefore, we can eliminate M and P to obtain a reduced linear system involving only M. Once M is determined,
M and P are reconstructed corresponding to the local problem (A.9) in an element-wise fashion. In this paper the reduced
linear system for M is solved by the direct solver PARDISO [57].
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