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Available online 29 December 2020 solution of the nonlinear gas kinetic equation, resolving the long-standing problems

of slow convergence and requirement of ultra-fine grids in near-continuum flows. The
key ingredient of GSIS is the tight coupling of gas kinetic and macroscopic synthetic
Multi-scale rarefied gas flows equations, where the constitutive relations explicitly contain Newton’s law of shear stress
Fourier stability analysis and Fourier's law of heat conduction. The higher-order constitutive relations describing
General synthetic iterative scheme rarefaction effects are calculated from the velocity distribution function; however, their
Fast convergence constructions are simpler than our previous work (Su et al., 2020 [28]) for linearized
gas kinetic equations. On the other hand, solutions of macroscopic synthetic equations
are used to accelerate the evolution of gas kinetic equation at the next iteration step. A
rigorous linear Fourier stability analysis of the present schemes in periodic system shows
that the error decay rate of GSIS can be smaller than 0.5, which means that the deviation
to steady-state solution can be reduced by 3 orders of magnitude in 10 iterations. Other
important advantages of the GSIS are: (i) it does not rely on the specific form of Boltzmann
collision operator, and (ii) it can be solved by sophisticated techniques in computational
fluid dynamics, making it amenable to large scale engineering applications. In this paper,
the efficiency and accuracy of GSIS are demonstrated by a number of canonical test cases
in rarefied gas dynamics, covering different flow regimes.
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1. Introduction

Multi-scale rarefied gas flow exists in many engineering applications, ranging from the aerodynamics of re-entering
vehicles up in the space to the shale gas transport deep into the underground, including the aerodynamic design of reusable
vehicles, aerothermodynamics problems during reentry disintegration of large-scale uncontrolled spacecraft [1,2]. Due to the
significant variation of gas density or characteristic length scale, these flows can span several regimes, e.g., the continuum,
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slip, transition, and free molecular flow regimes, which are usually categorized by the Knudsen number (Kn, the ratio
between the mean free path of gas molecules and the characteristic flow length). Gas flow in the continuum regime (Kn <
0.001) can be modeled by the Navier-Stokes-Fourier (NSF) equations. But for rarefied flows (Kn > 0.001), the NSF equations
are inaccurate due to the failure of linear constitutive relations given by Newton’s law of shear stress and Fourier’s law of
heat conduction. To model rarefied gas flows that deviate far from thermodynamic equilibrium, the Boltzmann equation,
which is an integral-differential equation describing the evolution of one-particle velocity distribution function (VDF) at the
mesoscopic scale, should be used [3]. Although various higher-order macroscopic equations have been derived from the
Boltzmann equation, using the Chapman-Enskog expansion or Grad’'s moment method [4-6], none of them are valid for
highly rarefied gas flows.

The common numerical methods for rarefied gas flow simulations are the discrete velocity method (DVM) [7] and the
direct simulation Monte Carlo (DSMC) method [8]. In DVM, the Boltzmann equation is first discretized in the velocity
and spatial spaces, and then solved deterministically using the computational fluid dynamics (CFD) techniques. In DSMC,
simulation particles are used to mimic the streaming and collision of real gas molecules. It has been proven that DSMC
solves the Boltzmann equation for monatomic gas when the number of simulated particles tends to be infinite [9,10]. The
high-dimensional nature of the Boltzmann equation means that it is much more expensive to be solved compared to the
NSF equations. For example, DVM requires appropriate discretization of the velocity space, and DSMC needs a large number
of repeated samples, which lead to expensive computational cost. In particular, for low-Kn flows, DSMC becomes prohibitive
due to the requirement that the cell size and time step should be respectively smaller than the mean free path and the
mean collision time, in order to keep the numerical dissipation small [8]. The conventional DVM also suffers from the same
problem due to the decoupled treatment of molecular collision and streaming [11,12].

The failure of NSF equations for rarefied gas flows and the difficulty in solving the Boltzmann equation for near con-
tinuum flows make the multiscale simulation challenging. Numerous efforts have been devoted to bridging the gap of
macroscopic and mesoscopic methods. The popular approach is to couple the macroscopic and mesoscopic models under
the domain-decomposition framework. For example, the CFD-DSMC hybrid approach [13-17] couples the macroscopic and
mesoscopic models, which are applied in the continuum and rarefied flow regions, respectively. The implementation of such
hybrid approaches usually involves a buffer region where both macroscopic and mesoscopic models are solved and assumed
to be valid. In reality, however, these methods face the dilemma of ensuring the validity of NSF equations and the efficiency
of mesoscopic methods in the coupling region. Recently, a hybrid approach applying the regularized 26-moment equations
rather than the NSF equations in macroscopic regions is proposed, which can significantly relocate the buffer zone towards
rarefied flow regions and hence reduces the iteration number for gas kinetic simulations [18].

An alternative approach is to solve gas kinetic equations in the whole computational domain and use appropriate nu-
merical schemes to remove the restrictions on cell size and time step. By coupling the molecular collision and streaming,
the unified gas kinetic scheme (UGKS) and its variants [19-23] are able to obtain accurate results when the numerical cell
size is much larger than the mean free path A (in the near-continuum flow regime, the cell size can be at the order of
A+/Kn in the bulk region) [24]. The implicit version of UGKS further reduces the number of iteration steps [25-27]. The
recently-developed general synthetic iterative scheme (GSIS) is also one of these promising multiscale methods [28]. It is a
generalization of the synthetic iterative scheme that is originally developed for solving radiation transport equation in the
optical thick regions [29] and extended to some special linear rarefied gas flows [30-36]. The GSIS extends the synthetic iter-
ative scheme to general rarefied gas flows, and it is not limited to simple flows where the velocity must be perpendicular to
the computational domain. The efficiency and accuracy of GSIS is demonstrated in solving two-dimensional (2D) linearized
gas kinetic equationsin the whole flow regime [28,37], where the linearized gas kinetic equation and macroscopic synthetic
equations are solved on the same grid alternately, and converged solutions are found within a few dozens of iteration steps.
In each iteration of gas kinetic equation, the latest macroscopic quantities from the previous solution of macroscopic syn-
thetic equations are used to evaluate the equilibrium distribution function. While in the macroscopic synthetic equations,
expressions of shear stress and heat flux explicitly include the constitutive laws at the first-order of Kn, i.e. Newton’'s law
and Fourier’s law; the higher-order contributions are directly calculated by taking the velocity moments of VDF [28]. Com-
pared with other multiscale methods [25,38], GSIS does not rely on specific forms of the Boltzmann collision operator [28].
In addition, sophisticated CFD techniques can be directly used to solve the gas kinetic equation and macroscopic synthetic
equations. For example, in the linearized GSIS, the DVM is solved by the upwind method, while the SIMPLE algorithm or
discontinuous Galerkin method is used to solve the linearized NSF equations with high-order constitutive relations treated
as source terms [28].

It is the aim of this paper to extend the GSIS to solve nonlinear gas kinetic equations and demonstrate its potential
for practical applications. The overall framework of the linear GSIS will remain unchanged, i.e., we solve the macroscopic
synthetic equations and the nonlinear gas kinetic equation alternately in the whole computational domain. Here, we propose
a new way to construct the nonlinear macroscopic synthetic equations, which are solved by compressible CFD techniques.
In this paper we use the Shakhov model equation [39] as example, but the method can be used to solve the full BE and
other model equations straightforwardly, just as we have achieved in the linear GSIS [28].

The remainder of this paper is organized as follows. In Section 2, we introduce the Shakhov model equation, the conven-
tion iterative scheme (CIS) to find the steady-state solutions and its convergence rate. In Section 3, the GSIS for nonlinear
gas kinetic equation is constructed, and its convergence rate is rigorously calculated based on the Fourier stability analysis.
In Section 4, the numerical schemes for solving both the gas kinetic and macroscopic equations are presented. In Section 5,
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several canonical rarefied gas flow problems are carried out to assess the accuracy and efficiency of the nonlinear GSIS.
Section 6 concludes with final comments and outlook.

2. Gas kinetic equation, CIS and its convergence rate
2.1. Gas kinetic equation

In gas kinetic theory, the gas dynamics is described by the molecular VDF f(t,7, §), which depends on the time t, the
spatial location 7 = (x, y, z), and the molecular velocity & = (&, &y, &;). Evolution of the VDF is governed by the Boltzmann
equation:

af
ot
where V is the spatial gradient operator and Q(f) is the collision operator; they describe the change of VDF due to the free

streaming and binary collision of gas molecules. Since the Boltzmann collision operator is a complicated five-fold integral,
it is usually simplified by the Shakhov model [39]:

78 — f(t,7,8)
T(t,7)

where T = u/p is the mean collision time, with u being the shear viscosity and p the pressure of gas. In this paper,
we assume the viscosity varies with the temperature T by the power law: w(T) = uo(T/To)®, where g is the reference
viscosity at the reference temperature T, and w is a viscosity index. The reference VDF f* takes the following form:

o m 2y em Gg-Cc [c? m_ P 2
rerég=f |:1+(1_Pr)5pT(ﬁ_5>i|’ f —WGXP(—m>a (3)

where p is the mass density, U is the macroscopic flow velocity, g is the heat flux, ¢ 55- — U is the peculiar velocity, R
is the specific gas constant, and Pr is the Prandtl number. For ideal gas, the equation of state is p = pRT. The macroscopic
variables including the stress tensor oj; can be calculated by taking moments of the VDF:

+E-Vf=0(f), (1)

(fH=

(2)

p(r,‘r’)=/f(r,i§>d3§, pﬁ(t,?)=/f(t,F,§)§d3§,

-. - 2 g -. 1 - 2 -
oij(t, F) = / f(&,7,8)CiCjd%E, PP =3 / f(&,7,6)C2d%, (4)
§e.7) = %/f(a?é)ﬁczd%,

where the angle brackets (i, j) representing the trace-less part of a tensor, e.g., a;bj) = a;bj — (axbx/3)8;; with §;; being the
Kronecker delta function.

2.2. The conventional iterative scheme and its efficiency

It is noted that the turbulence is often absent in rarefied gas flows, since the Reynolds is inversely proportional to the
Knudsen number. For most practical applications, steady-state solutions of the gas kinetic equation are of particular interest,
which can be obtained from CIS by solving the following equation iteratively:

- o 1
$~ka+1=§[fs‘k—fk+]], (5)

where k is the step of iteration. Note that in order to avoid solving the nonlinear equation, the reference VDF f; is calculated
from the macroscopic variables of the k-th iteration step, while the VDF f is evaluated at the (k+ 1)-th iteration. The spatial
gradient operator can be approximated by the finite difference or discontinuous Galerkin schemes [28,40], and the whole
system can be easily solved by sweeping procedures [28,41,42].

We use the Fourier stability analysis to investigate the efficiency of CIS, that is, to see how fast the error decays during
iterations. Since the Fourier stability analysis relies on linear systems, we rewrite the collision operator (3) in the following
linearized one:

s oE 2 3 4. 2(2 5
f —|:Q+2U'§+T<§ 2>+15Q'§(§ 2)j|feq’ (6)
where the Prandtl number is chosen as 2/3, feq = exp(féz) /12 is the global equilibrium VDF, and the macroscopic
quantities deviated from their corresponding equilibrium values are:

3



L. Zhu, X. Pi, W. Su et al. Journal of Computational Physics 430 (2021) 110091

o= [ ré%. 0= [EeE T=/(§52—1>fd3§,

- R 5 .
“ij=2/~‘§<i§j>fd3$, q:/é <§Z—§> fde.

Note that after linearization the mean collision time 7 in Eq. (2) is a constant, which has the meaning of Knudsen number.
More details can be found in Ref. [28].
We define the error functions between VDFs at two consecutive iterations as:

(7)

Y@ E) = @) - F4G B, ®)
and the error functions for macroscopic quantities M = [p, U, T,q] between two consecutive iteration steps:

oM7) = M) - M) = f Y@ D E)dE, 9
where

6@ =165 58 16 (2-2) 6 (2- )], (10)

To determine the error decay rate e we perform the Fourier stability analysis by seeking the eigenfunctions Y (¢ ) and
o =[ap, 0y, ar, dq] of the following forms:
Y7 E) = eV () exp(if - T),
k+1 3 k+1 o (11)
O (Fy = el exp(id - 7),

where i is the imaginary unit and g = (0x, By, 0;) is the wave vector of perturbance satisfying |§ | = 1. The slow convergence
occurs when the error decay rate |e| approaches one, where the error is nearly the same when compared to that in the
previous iteration. The fast convergence is realized when |e| < 1 and approaches zero.

The convective operator in Eq. (5) is kept intact when calculating the error decay rate; the convergence rate of the
spatially-discretized gas kinetic equation will be shown in numerical simulations in Section 5. Obviously, from Egs. (9)
and (11) we have

ea=/?<§>¢(§)d3§, (12)
and from Egs. (5), (6), (8), and (11), we obtain the following expressions for 1_/(5):

OlQ—l-Z&u'g-i-OlT(&Z—%)-i-%&q'g(?z—%)
1+it§-§

}_,(;é ) = f eq- (13)
Finally, multiplying Eq. (13) with ¢(§) and integrating the resultant equations with respect to § we obtain 8 linear

algebraic equations for 8 unknown elements in o with the help of Eq. (12). These algebraic equations can be written in the
matrix form as

Cga =ea', (14)

where the superscript T is the transpose operator. The error decay rate can be obtained by numerically computing the
eigenvalues of matrix Cg and taking the maximum absolute value of e; the result as a function of the Knudsen number is
shown in Fig. 1. It is clear that when the Knudsen number 7 is large, e goes to zero so that the error decays quickly. This
means that CIS is very efficient for highly rarefied gas flows. On the other hand, e — 1 when t — 0, which means that it is
hard to obtain converged solutions by using CIS in the near-continuum flow regime.

3. The general synthetic iterative scheme

The GSIS uses the following strategy to accelerate the iteration of conventional DVM schemes for gas kinetic equa-
tions [28]: on top of the CIS, it adds macroscopic synthetic equations to boost the convergence to steady-state solutions
in the near-continuum flow regime. The flowchart of GSIS is presented in Fig. 2: after completing the CIS at the k-th step,
the nonlinear macroscopic synthetic equations are solved to the converged state by sophisticated CFD techniques, with the
boundary conditions and high-order constitutive relations from the CIS. The obtained macroscopic quantities are fed back
to the CIS, which provides macroscopic quantities and VDFs for the CIS to execute at the (k + 1)-th step. The details of
constructing nonlinear macroscopic equations for GSIS are given below.
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Fig. 1. The error decay rate as a function of the Knudsen number t in both CIS and GSIS, calculated from the linearized Shakhov model based on the
Fourier stability analysis. In GSIS, different threshold Knudsen numbers are considered, see Eq. (27).

DVM step k DVMstep k + 1

Macros HoT, BC Macros

LU-SGS iteration LU-SGS iteration

Fig. 2. Flowchart of the computational procedures in GSIS. HoT stands for the high-order terms and BC stands for boundary conditions. LU-SGS is the
implicit time-stepping procedure solving the macroscopic synthetic equations after each DVM step.

3.1. Macroscopic synthetic equations

For generality we consider the derivation of macroscopic synthetic equations from the full Boltzmann equation. By mul-
tiplying Eq. (1) with 1, &, and &2, and integrating them with respect to d3&, we have:

ap = -

L 4V (pU) =0,

o T (pU)

apU = e - -

%—FV'(,OUU)—i—Vp—i-wa:O, (15)
%-F%-(pEf]—i-pﬁ—i-a-a—i-a):O

at ’

where E = ¢yT 4+ U%/2 is the total energy with ¢y = 3R/2 being the heat capacity at constant volume. This equation is
not closed because the shear stress and heat flux cannot be expressed in terms of the density, velocity and energy. The
Chapman-Enskog expansion to the first-order of Knudsen number gives the NSF constitutive relations [3]:

Ui au;  aU;

ij ij,NSF n orj, n < or; + or,

2 - -

+ - uV - Uéjj,

> 3 (16)
G~ qnse=—kVT,

where the heat conductivity « is related to the viscosity and Pr by « = pucp/Pr, with ¢y =5R/2 being the heat capacity at
constant pressure.

However, under rarefied condition, the approximation (16) is not adequate. To be consistent with the gas kinetic equation,
the shear stress tensor and heat flux have to be computed from the VDF itself, without any truncation. In the linear
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GSIS [28], the shear stress and heat flux used in the macroscopic synthetic equations are expressed in terms of the first-
order NSF constitutive relation and higher-order terms (HoTs), where the explicit separation of the NSF constitutive relation
out of the diffusive fluxes is essential to achieve fast convergence [43]. Here we do the same for nonlinear GSIS:
(ju _'O—l],NSFdl—HOTO'ijs (17)
q = qnsr + HoTj.

In the linear GSIS, HoTs are calculated from the spatial derivatives of even higher-order VDF moments than the heat
flux and stress tensor [28], which is equivalent to using the governing equations of stress tensor and heat flux in Grad’s
13-moment systems but close these moment equations using the VDF from CIS, rather that the one reconstructed using
low-order macroscopic quantities. In the nonlinear GSIS here, we can also apply this strategy directly. Multiplying the
steady-state kinetic equation with C;C;j and ccz /2, and integrating it in the velocity space, we have:

o;=—-t f CLCyE-VirddE+ 5 / CLCHIQU) — Q(fId%,
)4 D

§' =5, /E*(c*>2§-%f*d3§+—’j CH(CHRIQU™) — O (FI%, (18)
p*Pr 2p*Pr

Wk

where the superscript means that both the VDF and macroscopic quantities are obtained from CIS. It should be noted
that the last terms in each equation are much smaller than the corresponding underlined terms. For example, for the
Boltzmann collision operator of Maxwell molecules the last term in each equation vanishes [3].

To obtain the HoTs in Eq. (17), we simply subtract the NSF parts from the complete starred stress and heat flux, yielding

*_

HoTy; = 0yj — 07 nsp» (19)
HoTg =q" — qsp-
with the NSF parts oi’Jf nsg and ?]ﬁSF calculated from NSF constitutional relations using the starred macroscopic variables.
This will be called Scheme I in the following paper.
Alternatively, instead of using the derivatives of higher-order moments to calculate cr,.jf and ¢*, we can calculate them
directly according to their definitions. Then the HoTs are calculated as

HoTo;, :/f*CZ*,.C}‘>d3C* — 075 Nk

1 - P -
HOTa = 5 / f*c*(c*)2d3c* _ Q§5F,
which will be called Scheme II in the following paper.

Remark 1. It is clear that Scheme I is much more complicated than Scheme II, because (i) it involves the calculation of
Boltzmann collision operator in the general case and (ii) the underline terms contain spatial derivations which may lead to
numerical instabilities around sharp solid corners, while Scheme II does not have this problem. Therefore, if both scheme
share the similar value of error decay rate, Scheme II will be used in our numerical simulations. In addition, Scheme II can
be directly applied to solve the Boltzmann equations involving multi-species and chemical reactions, where the Scheme I
will be extremely complicated.

3.2. Convergence rate of GSIS: scheme Il

We analyze the error decay rate of the GSIS based on the linearized Shakhov model and Scheme II; a similar but much
simpler analysis for the linearized Bhatnagar-Gross-Krook model is given in Ref. [43]. In GSIS, when f¥ is known, f* is
obtained by solving Eq. (5) with k + 1 replaced by . Then the macroscopic quantities at the (k + 1)-th iteration step are
obtained by solving the following synthetic equations (note that the time derivative is dropped for steady-state solutions):

BU:-{+1
—L__p,

31‘,’

k+1
8Qk+1 gTk+1 ao‘ij 21)
+ + =0,

81‘,‘ 81’,‘ 31’]'

k+1
0q; _o.

arj

with
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2 uU*, auktt
k+1 § *13% (i (i
ij / (Slé] 3 l_)) f 'i: + ar]> 8r])

- - 5 - 15 - 15 -
qk+] — /S %-2 _ - f*d?’%' + VT — —'L'VTkJrl,
2 8 8
which are the linearized version of Eqs. (15), (17) and (20). Therefore, to calculate the convergence rate of GSIS, the error
functions in Egs. (8), (9), and (11) are redefined as

Y*(FE) = f*(F.E) — fYG.E) =ekV(E ) exp(i - T),
CI)k+] (F) — Mk+1 (F) _ Mk(F) — ek+1aexp(ié' . ;:)7

(22)

(23)

where the solution of ?(5) is still given by Eq. (13). Note that the definitions for ® remain unchanged, but in GSIS they are
calculated from the macroscopic synthetic equations, rather than from the VDF Y*.
With Egs. (13), (21) (22) and (23), we obtain the following 8 linear algebraic equations for 8 unknowns in o :

e(ibxay, +ibyay, +i6,0y,) =0,
elifx(ap + or) + Tory, ] = Sa,
elify(ap +ar) +Tay,] = S3,
elifz(ap +or) + Tory,] = Sy,

e(iex(qu + i@yaqy + ioZaqz) = Oa

(24)
15,
e (;l@xf()l'[ +oth) = Sq,
15,
e gzeyrar +ag, ) =57,
15,
e (;l@zrar +an> = Sg,
where the source terms, due to the HoTs in Eq. (22), are also linear functions of op:
I (2 ER\ .. A
5= [ | v&— 200 (sx - 3) — 216,66y — 20,68 | VE)PE,
oo (2 £ o S
= &y — 2i0) (gy - ?) — 2i6xExEy — 219253/%'2] Y (&)d'g,
: B\ AN R
= TE, — 20, | &5 — = | — 2i0x6xE; — 210,68, | Y (§)d7E,
> : (25)

| 8

1_5' %2_ 2_5 v ENASE
_819yf(3$ 1>+$y<$ 2>]Y(é‘)dé,

Sg =/ %i@zl’ (%sz - 1) +& (52 - g)] Y (E)dE.

The error decay rate of the scheme Il can be obtained by solving Eqs. (24) and (25). That is, these equations are firstly
rewritten in the matrix form as Lgea’ = Rgor ', where Lg and Rg are two 8 x 8 matrices. By introducing G1 = Lgle and
numerically computing its eigenvalues we obtain the error decay rate e of GSIS, see the results in Fig. 1. It is observed
that the value of |e| is much reduced when 7 — 0, which demonstrates that the GSIS is able to boost convergence for
near-continuum flows. However, the error decay rate increases to one when t — oo.

To fix this problem, macroscopic quantities at the (k+1)-th iteration step are not all updated by the solution Msy, from
macroscopic synthetic equations, when 7 is large. Rather, they are updated in the following manner

S3
Sa
Se
S7

/

/1

/ pER @52 - 1) + (52 = g)] ¥ (&),
/

M*F) = BMsyn + (1 = HM* (), (26)
where the relaxation parameter g is chosen as

min(t, Te)

_— (27)
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with 1y, being the threshold Knudsen number. That is, 8 =1 when the Knudsen number is smaller than ty,; when © > Ty,
B gradually decreases to zero as the Knudsen number approaches infinity. The error decay rate of this GSIS can be obtained
by computing the eigenvalue of the matrix G = ﬁLgle + (1 — B)Cg, where the results at the threshold Knudsen number
of values 1 and 5 are shown in Fig. 1. Clearly, by choosing approximate value of 8, we can make the maximum error decay
rate less than 0.5 for all Knudsen number; this means that the error can be reduced by at least three orders of magnitude
in 10 iterations. Thus, theoretically, GSIS can reach fast convergence in the whole range of Knudsen number.

3.3. Convergence rate of GSIS: scheme |

Schemes [ and II differ only in HoTs. Since in Scheme I the shear stress and heat flux for the linearized Shakhov model

equation are o}f = —27 [ €4&j)€ - V f*d3E and qf=-3t[& (& - %)E .V f*d3E, Eq. (25) is modified as

S2=t1 / [5)( — 20(0xE(xEx) + Oyéxéy + ezéxzfz)] }_'(é: )d3ga

S3=1 / [fy - 2®(9x$x§y +9y5(y§y) +925y§z)] ?(g)dgg’

(15 2 3 5 - > -
Se:i‘r/ gex(gsz—g - 50k (sz—z)}vmcﬁs,
15 2 3 5
S7=i‘[/ §y<§éz—l>—i”§y<§2_§>

S —ir/ _159 252 1 3@5 g2 > Y (E)d3E
8= |8 7\3 2 2 ’
where © = 0x& + 0§y +0,&,.
With Egs. (24), (28), (26) and (27), we obtain the error decay rate of Scheme I, which is also shown in Fig. 1. It is seen
that when the Knudsen number t — 0, the error decay rate goes to zero, which means that the GSIS with scheme I is very
efficient in obtaining the steady-state solution of the gas kinetic equations.

Remark 2. The Fourier stability analysis is conducted in the spatial periodic systems. In reality, however, solid walls are
always present, and the Knudsen layer (exists in a region within a few mean free path away from the wall) always makes
the effective Knudsen number t ~ 1. Therefore, the maximum error decay rate in the whole range of Kn is a more important
indicator. In this sense, from Fig. 1 we see that schemes I and II have the similar efficacy in boosting the convergence rate
to steady-state solutions. We therefore choose Scheme II over Scheme I because it is simpler and can be easily applied to
other Boltzmann collision operators.

4. Numerical schemes
4.1. The DVM scheme on curved structured mesh

For irregular computational domain, general structured body-fitted meshes are preferred. In order to use the sophisti-
cated CFD techniques on such meshes, we keep the time derivative in the gas kinetic equation. Using the forward Euler
scheme for the time derivative and applying implicit treatment to the convection term and f in the collision term, we have

k+1 !
e M-S SERRS IR e 29
T b E Vo sk gk (29)
At T
which, in order to enable a simple matrix-free implicit solving of the semi-discretized equation, is rewritten in the so-called

“delta” form,

<i+i,) Af"+§-%f"=i,[fs”‘—f"]—éﬁf", (30)
At T T
by introducing the incremental VDF Afk= fl1 _ gk,

The gradient operators V at the left-hand-side (LHS) and right-hand-side (RHS) of Eq. (30) will be calculated by the
first-order upwind scheme and a second-order scheme, respectively [44]. With such a treatment, the implicit part allows
a simple matrix-free solving with the Lower-Upper Symmetric Gauss—Seidel (LU-SGS) technique [45], while the converged
solution will be second-order accurate.
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We apply the finite volume method to solve the above gas kinetic equation. After the volume integration and applying
the Gauss theorem, for each cell indexed by (i, j) on a structured grid, we have

1 1 k e Bask_ Sgoosk ok T B¢k
(E + TT> QjAfE A+ Sm-EAfy = Uy~ fip - > Sm-Efp (31)
i,j m i,j m
where ; ; is the cell’s volume, m is the index of the faces belonging to the cell, and S is the face’s normal vectors pointing
out of the cell with its magnitude being the face area. Variables with subscript i, j are the cell averaged quantities on the
cell center, while A f,ﬁ and f,’ﬁl are reconstructed variables on the cell faces. For the reconstruction of A f¥, the first-order
upwind scheme is applied: at the left face of cell Afi’il/2 i= Afi’il i if £-Si_1,2,; > 0, otherwise it is Afi’il/2 i= Afikj. For
the reconstruction of f,ﬁ, various second-order limited interpolation scheme can be applied. In this study, f; is calculated
from the upwind cell center by first-order Taylor expansion, where the slope is calculated with van Leer slope limiter.
With the above discretization, the linear equation system for all cells can be written in the following matrix form,

DijASE AL AfE U A S+ L A S+ U A S =RHS; (32)
where the matrix elements are

UL SLL S ST R IT (33)
i,j At Tikj i j s

X 1. - . z > y 1- - . >

L= 55 E[1-sign@ i) |. LY;=35;-E[1-sign ip)]. (34)

1. - Lo 1. - .
Ul = =55 E[14sign@ 7ip]|. U, =—55;§[1+signE ). (35)

with 1 = §/|§| and sign(x) the sign function, returns 1 if x > 0 and —1 otherwise. Here, the approximation §i =
%(giq/z + §i+1/2> ~ §i,1/2 ~ —§i+1/2 is assumed. By applying the LU-SGS technique to Eq. (32), the incremental VDF
is solved by a forward sweeping and a backward sweeping:

Forward: DA ff+L{Af + L Aff ; =RHSy, (36)
Backward: A ff=Af5—D; JUS Aff, =D UL AL, (37)

and the VDF is then updated as fik;rl =1+ arf
4.2. Numerical scheme for the macroscopic synthetic equations

The macroscopic synthetic equations (15) can be viewed as the compressible NSF equation with HoTs as constant source
terms, where the steady-state solution can be obtained by using sophisticated time-implicit schemes and shock capturing
schemes. Again, we use the LU-SGS technique to handle the implicit time stepping in a matrix-free manner.

Integrating Eq. (15) in a control volume 2 of the finite volume mesh and applying the Gauss theorem, we have

0 - - - R - - -
o / wdQ +% [Fc + Fy(oNsr, qNsF)] dS=— f FHoTqs, (38)
Q Q2 19

where W is the vector of conservative variables and F. is the vector of convective fluxes:

IZ u va 2
W= SU; o Fe= 5U;v Iz);l;//z (39)
pE pHV
Here, H=E+p/p, V = U -7 with i being the unit normal vector of dS, and
0
Fv(d’a): NxOxx/2 +Ny0xy /2 i (40)

nxcryx£2 +nyoyy/2 R
NxOx(0,q) +nyBy(0,q)

where Fx(0,q) = —Uxox — Uyoxy +qx and Fy (0, ) = —Uxoyx — Uyoyy +qy. In the RHS of Eq. (38), FROT = F (0%, G ) —
Fy(0 sps ?]I’QSF) is the viscous flux due to the HoTs in shear stress and heat flux. The starred variables have the same meaning
as in Eq. (19).
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Applying the implicit scheme for the fluxes at the LHS of Eq. (38), we have, for each cell,

Q - [ oR - - -
— ) I = AW?!. = —R". 4 RHOT 41
<Atp>i,j +<8W>1] L] l~1+ 1,] ( )

where At is the pseudo time step, T is the identity matrix, and R stands for the residues including one in the NSF equation
and one due to HoTs:

R = D [F!+ Fu(0 s Glsp)ImASm.
meN(i, j)

RIT = D (F'DmASH,
meN(,j)

(42)

with the index m looping through all the faces of the current cell, represented by N(i, j). As the iteration converges (AW™"
approaches to zero), the RHS of Eq. (41) also approaches to zero.
The LU-SGS technique employs a factorization of the implicit operator in Eq. (41) as

(D+L)D ' (D+U)AW" = —R" + RHT, (43)

Note that the symbols D, L and U are different from the ones in the DVM (32). The solution of the linear equation system
in terms of AW™ can be easily executed as a forward sweep and a backward sweep procedure on a structured mesh [46],
as only the lower- or upper-half matrix coefficients are non-zero,

Forward: (D +L)AW® = —R" 4 RHoT,

- - (44)
Backward: (D+U)AW" =DAW D,
where, for each cell, the lower, the upper and diagonal matrix elements are:
Lij= (A+ + A")i—l ASi 12+ (/Z\+ + AV)j-] ASj 12,
Uij=(A" = Av); Ay + (A7 = Av) .y ASjpap,
(45)

Q - _ - _
D; j :EH_(A — AV ASi_1p+ (A7 — AV ASj1p2
+ (/?\Jr + ;\\,) ASiy1/2 + (AJr + Av) ASji1/2,

with A* being the positive and negative convective flux Jacobian due to the flux-vector splitting scheme, and Ay the viscous
flux Jacobian. During the forward and backward sweeps, the product of convective flux Jacobian and change of conservation
variables can be approximated as [46]:

_ N 1 _ - s ~
(ATAS)AW™ ~ = (AFPAS £raIAW™), 14 =wA., (46)
2 C

where AF is the change of convective flux due to the change of conservative variables, A, is the convective flux Jacobian’s
spectral radius, and w is the over-relaxation factor in the range of 1 < w < 2. A large w increases the stability but slows
down the convergence speed. In this paper, we use w = 1. Depending on the orientation of the interface (I- or J-direction),
[\c is evaluated as

Al=(U;j-fil+cijpasS; and Al =(Ui;-fijl+ci)AS), (47)

where 7y = (flit1/2,j +i—1/2.j) /2, AS; = (ASiy1/2,j + ASi—1/2,j) /2 with ¢; j being the sound of speed and fij+1/2,j being
the right/left face normal vector. Similar definition is used for the J-oriented face. The viscous flux Jacobian is approximated
by its spectral radius, i.e. AyAS ~ Ay, and for the I- or J-oriented faces,

N 4 P AS 2 R 4 .. AS 2
A{,:max( L) (Ml,;)( D and A‘{:max< L) (Ml,])( » (48)
3pij pij/) N Pr/ o Qi 3pij pij) \NPr/ o Qi

where y =cp/cy.

For the explicit calculation of viscous flux in R", we use the MUSCL3 reconstruction scheme and 2nd-order Roe flux
scheme, while the 2nd-order central scheme is adopted for the viscous flux computation. The time step is determined
according to

Q
AL+ AL+ AL +A)
where ¢ is the Courant-Friedrichs-Lewy (CFL) number.

(49)

10
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4.3. Updating of macroscopic variables and correction to the VDF

The converged solution of macroscopic variables of the synthetic equations is used in the next DVM step to calculate the
equilibrium VDF. A relaxation coefficient 0 < 8 < 1 is introduced in the updating processes (26) to improve the convergence
and stability of GSIS for high Kn flows,

W =pW' + (1 - pWh*, o =o'+ (1 - protr, g =g+ (1 - B ", (50)

where W', ¢’ and g are the converged macroscopic solution of the inner loop between the k- and (k + 1)-th DVM steps,
and Wk* gk=* gk* are calculated by numerical quadratures after k-th DVM step. In the practical numerical simulations,
the relaxation coefficient is adapted according to a local NSF breakdown parameter [47]:

ENSF — M
¢ [(Fm2d’e

where fC13 is the VDF reconstructed following the one used in Grad 13-moment method. For continuum flows, ENSF
approaches to zero and S approaches to 1, which means the macroscopic variables in the DVM are almost entirely replaced
by the solution of macroscopic synthetic equations. For high Kn flows, EL\ISF may be higher than 1 and B8 becomes zero,
so the solution of macroscopic synthetic equations is not used in the DVM and the GSIS reduces to CIS which is already
efficient for these flows.

The VDF is also adjusted to reflect the changes of leading-order moments W. This is achieved by replacing the equilib-
rium part of the VDF with the one computed from the new moments, while keeping the non-equilibrium part:

Y= o p [FmaR) — k). (52)

B =1—min(1, ENF),

4.4. Overview of the GSIS algorithm

Here, we summarize the proposed GSIS algorithm for nonlinear gas kinetic equation. The overall computing procedure is
a nested loop, with the outer and inner loop indexes as k and n, as illustrated in Fig. 2. The outer loop solves the gas kinetic
equation using the iterative or time-stepping DVM method, and the inner loop solves the macroscopic synthetic equations
using the LU-SGS technique. Each inner loop starts from the latest macroscopic state, together with HoTs and boundary
conditions from the current step in the outer loop. The step-by-step procedures are summarized as below,

. Initialize macroscopic variables in both the DVM and macroscopic equation solvers;

. Initialize VDF in the DVM solver;

. Solve the NSF equations (the macroscopic equation with HoTs as zero) to its converged state.

. Execute one iterate/time step in the DVM solver, in which the latest converged macroscopic variables are used to

compute equilibrium;

5. Calculate the HoTs of shear stress and heat flux from VDF via Eq. (20). Calculate the macroscopic boundary conditions
from the VDF on the boundaries;

6. Solve the macroscopic synthetic equation (with the HoTs and the boundary conditions from Step 5) using the LU-SGS
technique to the converged state;

7. Update the macroscopic variables and VDF in DVM from the solution in Step 6;

8. Repeat the steps 4 to 7 until meeting the defined convergence criterion of the outer loop via Eq. (50) and (52).

A WN —

5. Numerical test cases

Several 1D and 2D flows are simulated to investigate accuracy and efficiency of the nonlinear GSIS. In the 1D Fourier
and Couette flow, the macroscopic synthetic equations can be greatly simplified and solved without resorting to the LU-
SGS technique discussed in Sec. 4.2. The 2D cases include the lid-driven cavity flow and the supersonic flow past a cylinder,
where the gas kinetic equation is solved by the upwind finite difference method and the method in Section 4.1, respectively.
In all the test cases, Pr =2/3 and the viscosity index w is 0.81. All the parameters used in the CIS and GSIS simulations are
the same, thus we can directly compare their efficiency and accuracy.

5.1. Reduced Shakhov model equation

For 2D flows, the VDF can be reduced to save computational cost. We introduce the following two reduced VDFs as:

X Y. b Ey) = / Fit.7.E e,
(53)

h(tv)(? vaxafy)szzzf(t’ag)dfm

11
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whose dynamics are described by the following reduced Shakhov model equation:

ov
3_ +$ V‘P = _(\IJS lIJ)7 (54)
with W= [g,h]T, ¥ =[g%,h°]T, a

s p Cz ZI
= exp| ———=) |1 1—Pr)—— 55
& 2w RT p( 2RT +( )5pRT (55)

o 2 q
h® = e — |1+ =P1)—— [ — — 56
2w RT xp( 2RT>|: +( )5 RT (56)
Note that now all the vectors have only two components, e.g. § (&x, &y), C= (Cx, Cy), and 2= C2 + C2 The macro-

scopic variables are therefore calculated as:

- - 5 oo CZ+h -
p=fgdzs, pU=/g5dzs, ai,:/ (gcicj— £ ai]) d’e,
3 (57)

-

/(gC2 +h)d%E, §= —/C(gC2 + h)d%E.

5.2. Heat transfer between two parallel plates

Consider the steady heat transfer of gas confined between two vertically placed static parallel plates located at x; =0
and xg = 1. The left and right plates have constant temperatures of T = 0.75 and Tr = 1.25, respectively (note that the
temperature has been normalized by the reference temperature Ty ). The boundary conditions of the VDF at x; and xg are

> PL 52 2 oL 52
0= - , h >0= 5~ - ’ >8
2E)|x 520 SRTL exp( 2RTL> Elxge0 =5 exp( IR, (58a)
> PR %_2 2 PR 52
<0 = - . h <0=35~ - ’ 58b
2 xg.£0<0 7 RTx exp( 2RTR> E)liw <0 = 5 exp( 2RTx (58b)
where
4 N 4 2
_ d2E. _ 4 f a2 59
= [ 6 = [ Gad (59
£<0 &>0

For this 1D problem, we can easily solve the steady-state synthetic macroscopic equation as follows. We know that
U=0, qy=0, oxy=0yx=0, 3¢/dy =0, where ¢ is any macroscopic quantity. The synthetic equation together with the
equation of state for ideal gas can then be simplified to a system of equations for p, T, p, oxx and qy:

op  Jdoxx

— =0, 60a

ax + dax (60a)

ad

9 _ (60b)

ax

oxx = HoTg,,, (60c)
oT

qx =HoTg, —k x’ (60d)

p=pPRT. (60e)

The boundary values of the variables are provided after each DVM step. The HoTs are also computed from the VDF according
to Eq. (20) after the last DVM step as

1 .
HOTo,, = / (Zg*cjz — gt - h*) d2E, (61a)
*

1 LT
HOTy, = > / cr (g*C*’2 + h*) ¢ 1" (61b)

where starred variables including T*, k*, and C* —5 U* are obtained using the VDF of the last DVM step. Equation (60)
can be sequentially solved to calculate oy using Eq. (60c); qx, Eq. (60b); T, Eq. (60d); p, Eq. (60a); and p, Eq. (60e).

12
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Fig. 3. Temperature (a) and density (b) profiles of the Fourier flow at different Kn. The solid lines and circles represent the CIS and GSIS results, respectively.
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Fig. 4. Convergence history of both GSIS and CIS in the simulation of nonlinear Fourier flow.

The Knudsen number is defined as Kn = /muCo/(2poLo) with p = Prk/cp, where the reference pressure is pg =
pPoRTo = 0.5, the reference density is pg = 1, the specific gas constant is R = 0.5, the reference temperature is To =1,
the reference length Lo = xg — x. = 1, and the reference velocity Co = +/2RTg =1.

The velocity space in both & and &, directions is truncated to [—6, 6], and the discrete velocities are distributed on a
non-uniform Cartesian grid with size of N%,, and the grid line positions are determined by the following rule [48]:

by =1 [N+ 12 N +3)° o v =7, (62)

Ny —1)3

where Ny = 32. Such a non-uniform grid can accurately capture the discontinuity of VDF near the origin of the velocity
space, which appears in the vicinity of solid walls when the Knudsen number is large. The spatial grid points are distributed
in the x-direction non-uniformly according to the following rule:

X =s3(10 — 15s; + 6s), with s;=i/2(Ny—1), i=0,1,...,Nx—1, (63)

where Ny =50 is the number of grid points. The convergence criterion for the DVM iteration is that the volume-weighted
relative change of temperature between two successive iterations satisfies

T -T2

V(T2 Ax

The temperature field is chosen because it converges slower than other macroscopic fields.
Fig. 3 shows the converged temperature and density profiles calculated by GSIS and CIS. We can see that the results
obtained from GSIS agree well with those from CIS. The convergence history of DVM iterations in both GSIS and CIS is

<1x1078, (64)

13
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shown in Fig. 4. It is clear that the CIS is efficient in high Kn cases (Kn > 1), where converged solution can be found within
20 iterations. However, it becomes very inefficient when Kn < 0.1, for example, it takes 5,000 iterations to produce the
converged solution. On the contrary, GSIS converges in less than 60 steps for the whole Kn range.

5.3. Couette flow

The Couette flow has the same geometry configuration as the Fourier flow, but the two plates have the same temperature
of To =1 and different vertical velocities: Uy | = —0.25 and Uy, g = 0.25, respectively. The boundary conditions of the VDF
at x. and xR are

: oL [ E24(5) — U2 +E2
_ _ 65
(&) x50 27 RTq exp 2RTo , (65a)
h(E)lx. -0 = RTog(E )lxy,£,-05 (65b)
2 R [ 24 U R +E2
_ _ 65
8(&)|xp,&0<0 37RTo exp 2RTo , (65¢)
h(E)lxg.0<0 = RTog(E ) lxg <0, (65d)
with
- f &%, and pr=— o / & fd%E (66)
oL = JaRT, xS PR= o JaRTR xS
&x<0 &>0

Similar to the Fourier flow, we solve the macroscopic synthetic equations in the following simplified procedure. We
know that Uy =0, qy =0, 3¢/dy =0, where ¢ can be any flow variable. Thus the synthetic equations can be simplified as
a system of equations for p, T, p, Oxx, Oxy and qx:

op  Jdoxx

=0, 67a
ax + ax (67a)
a
P _, (67b)
ox

doxyU a

998y + 94x _ 0, (67¢)

ax ax
p=pRT, (67d)
aUy

oxy =Holg,, — MW (67e)

oxx = HoTg,,, (67f)

— HoT,, — i (67g)

qx = qx o’ g

where the HoTs are calculated explicitly according to Eq. (20) as
1 -

HoT, = 3 / (2g*c;"2 —gr - h*) d%E, (68a)

= [grcrcrai 4 68b

Hols,, = [ g7 CiCHd7°E + 1 o (68b)

* 0 ok ok, 2 *\ 428 *BT*
HOTqX = CX (g*°C** +h")d*¢ +« W (68c)

The unknown variables in Eq. (67) can be solved in a sequential manner: oy from Eq. (67f), oxy, Eq. (67Db), p, Eq. (67a), Uy,
Eq. (67e), qx, Eq. (67c), T, Eq. (67g), and p, Eq. (67d).

The velocity-space grid, spatial space grid and the reference variables are set the same as the Fourier flow cases. The Kn
is defined as Kn = /7 1oCo/(2poLo), and we consider the cases of Kn =0.01, 0.1, 1 and 10. The convergence criterion for
the DVM iteration is that the volume-weighted relative changes of temperature, density and velocity between two iterations
must be less than 1078,

Jo_ VTt vl A

VW2 Ak

<1x107%, for v e{p, T, v} (69)
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Fig. 5. Velocity (a) and temperature (b) profiles in the nonlinear Couette flow. The solid lines and circles represent the CIS and GSIS results, respectively.
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Fig. 6. Convergence history of both GSIS and CIS in the simulation of nonlinear Couette flow.

The converged velocity and temperature profiles predicted by GSIS and CIS are shown in Fig. 5, while the convergence
history is shown in Fig. 6. It is seen that the GSIS converges in less than 70 steps for all the cases, while the CIS needs
many more steps when Kn decreases to less than 0.1. For example, when Kn = 0.01, GSIS is faster than CIS by more than
two orders.

5.4. Lid-driven cavity flow

This problem has been simulated extensively for validating gas kinetic schemes. The flow domain is a square cavity with
a size of Lo x Lo =1 x 1. The top boundary (the lid) of the cavity moves horizontally in the x direction with a velocity
of uy = 0.14828, while the other walls are fixed. All the solid walls are maintained at a uniform reference temperature of
Tw =1, where the Maxwellian diffuse boundary condition is applied, see Eq. (65).

The spatial space is discretized with Cartesian structured meshes and the gas kinetic equation is solved by the upwind
finite difference scheme, while the macroscopic synthetic equations are solved using the implicit finite volume method
described in Sec. 4.2. The cell centers are the finite difference nodes in the DVM discretization. The finite volume grid line
positions are distributed according to

xi,yi=1+tanh[a(l/N_O'S)], i=0,1,...,N, (70)
2 2tanh(a/2)
where N is the mesh size. The parameter a is adjusted such that the height of the first layer of cells adjacent to the wall
is the set to desired value, i.e., Axmin = X1 = y1. The convergence criterion for the DVM iteration is that the cell-volume
averaged relative changes of all the conservative variables between two successive steps are less than 1 x 1078, i.e.,

k—1
il =i 2,
k7
PR Ey

Ef= <é€ou, for ¥ in W. (71)
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Table 1

Number of DVM steps in CIS and GSIS and the overall CPU time for lid-driven cavity flow at different
Knudsen numbers. Note that it takes 5 minutes to get the converged solution when the cavity flow is solved
by the Navier-Stokes equations with no-slip boundary condition at Kn = 0.0002682.

Kn Physical Velocity CIS: DVM CIS: CPU GSIS: DVM GSIS: CPU
grid size grid size steps time steps time

10 64 x 64 48 x 48 24 14's 24 16 s

1 64 x 64 48 x 48 24 14's 23 29s

0.075 64 x 64 28 x 28 226 40 s 52 2.2 min

0.002682 128 x 128 28 x 28 40,917 123 min 234 10.5 min

0.0002682 128 x 128 28 x 28 1,283,068 64.2 h 1410 49 min

The convergence criterion of solving the macroscopic synthetic equations (the inner loop) is defined exactly the same as the
outer loop, bgt with the superscript k changed to n, and €y changed to €i,. For this flow problem, €y =1 x 1078 and
€in=1x107°.

We first consider the rarefied gas flows, with Kn = 0.075, 1 and 10. The physical space grid is set as N = 64 and
AXmin =5 x 1073, For Kn = 1 and 10, the velocity-space grid is set according to Eq. (62), with Ny = 48. While for the
case of Kn = 0.075, we use a 28-by-28-point velocity grid with the half-range Gauss-Hermite quadrature. The macroscopic
synthetic equations are solved in the domain excluding four layers of cells adjacent to the solid walls. Comparisons of
temperature and heat flux streamlines are shown in Fig. 7, and the velocity profiles across the center lines of the cavity are
shown in Fig. 8. These figures show that in the rarefied regime, the GSIS and CIS results match well with each other, and
both schemes capture the anti-Fourier heat transfer phenomenon (from cold to hot) at the top right corner even Kn is as
small as 0.075.

For flows in the near-continuum regime, we consider the case of Re = 100 and Re = 1000, corresponding to Kn =
2.628 x 1073 and 2.628 x 1074, respectively. The spatial grids are set as N = 64, AXmin =5 x 1073 when Re = 100 and
N =128, Axmin = 2 x 103 when Re = 1000. The velocity grids are set the same as the case of Kn = 0.075. Fig. 9 shows
the velocity streamlines predicted by GSIS. The vortex patterns, including size and vortex center positions, agree with the
reported results [49]. To get a more quantitative comparison, in Fig. 10 we plot the velocity profiles on the vertical and
horizontal centerlines of the cavity, predicted by both CIS and GSIS, together with Ghia’s benchmark solution [49]. We can
see that, when Re = 100, CIS and GSIS predicted almost the same solutions, and both agree well with the benchmark
solution. When Re = 1000, there is a slight difference between the GSIS and CIS results.

The comparison of the convergence history of the DVM iteration is shown in Fig. 11 for both the rarefied and continuum
flow cases. The corresponding CPU time and the number of DVM steps in both CIS and GSIS are listed in Table 1. The serial
Fortran program is compiled using the Intel Fortran compiler (version 19.1.1) with the “-xHost” option, and runs on the
Intel® Xeon® Gold 5118 CPU@2.3 GHz. We can see that for the cases of Kn = 1 and 10, the convergence history of CIS
and GSIS is very similar, both converge in after about 23 DVM steps. Due to the additional cost in solving the macroscopic
synthetic equations, with the same number of DVM steps the overall computing cost of GSIS is higher for these highly
rarefied cases. However, when Kn < 0.075, GSIS needs significantly fewer DVM steps than CIS, e.g., when Re = 100, GSIS
achieves convergence after 234 DVM steps, while CIS becomes extremely expensive. For these low Kn cases, because GSIS
can reduce the number of DVM steps by several orders, the additional cost for solving the macroscopic synthetic equations
is negligible.

5.5. Supersonic flow past a circular cylinder

The last testing case is the supersonic rarefied gas flow passing a circular cylinder. The 2D flow domain is an annulus
with the inner circle with radius rj, being the cylinder surface, and the outer circle with radius of roy = 11rj, being the
far-field boundary. The free-stream Mach number is May,. The cylinder surface temperature is set as the same as the
free-stream temperature Ty, = Too. To properly compare with the reported results [23,25], the Knudsen number is defined
as

0 =20)(7 = 20) o Coo
153/ PooTin

where 4o, Coo and poo are the viscosity, the most probable molecular velocity and the pressure at the free-stream condi-
tion, respectively.

Due to symmetry, only the upper-half domain is computed and the symmetric boundary condition is applied. The phys-
ical grid size is M x N, where M is the number of cells along the upper surface of the cylinder and N is the number of
cells along the radial direction. The cell height along the radial direction grows with a constant expansion ratio from the
first layer’s height (Armpin). The cell width along the cylinder surface grows from leading and trailing edges of the cylinder
toward the upper position with a constant expansion ratio, such that the largest cell width is five times of the smallest one.
For the cases of Kn = 1 and 0.1, the physical grid is set as N =50, M = 64 and Arpj, = 0.01, while for the case of Kn =
0.01, N =80, M =80 and Arpi, = 0.001. The discrete velocity set is a uniform Cartesian grid with 90 points in the range

Kn

(72)
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Fig. 7. Contours of the temperature field (left) and streamlines of the heat flux field (right) for the cavity flow with Kn = 10 (top), 1 (middle) and 0.075
(bottom). In the temperature contours, the CIS results are shown in colored background with white lines, while the GSIS results are shown as dashed red
lines. In the streamline plots, the CIS and GIS results are denoted by the blue and red lines, respectively. (For interpretation of the colors in the figure(s),
the reader is referred to the web version of this article.)
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Fig. 8. Profiles of the horizontal (left) and vertical (right) velocity components along the vertical/horizontal center lines of the cavity. Along the arrow, the
Knudsen numbers corresponding to the lines are 0.075, 1 and 10, respectively. The solid green lines are the results extracted from Ref. [23] which are
computed with the explicit discrete-UGKS. The blue lines and red markers represent the CIS and GSIS results, respectively.

Fig. 9. The streamlines of velocity for the lid-driven cavity flow at Re = 100 (left) and 1000 (right).
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Fig. 10. The profiles of normalized horizontal (vertical) velocity components u (v) on the vertical (horizontal) central lines of the cavity. Left: Re = 100;
Right: Re = 1000.
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Fig. 11. Convergence history of the cavity flow at different Knudsen numbers. Solid lines and markers represent results of CIS and GSIS, respectively.

Table 2
Number of DVM steps in CIS and GSIS and the overall CPU time for the supersonic cylinder
flow.
Kn Physical Velocity CIS: DVM CIS: CPU GSIS: DVM GSIS: CPU
grid size grid size steps time steps time
1 64 x 50 90 x 90 186 12 min 264 27 min
0.1 64 x 50 90 x 90 552 36 min 232 24 min
0.01 80 x 80 90 x 90 4,925 508 min 210 42 min

of [—15, 15]2. The DVM method is implemented using the implicit time-stepping scheme as described in Sec. 4.1. The CFL
number in the DVM and NS solvers are 1000 and 100, respectively. The convergence criterion of the outer loop and inner
loop in Eq. (71) are set as €que =1 x 107% and €, =1 x 1075.

Fig. 12 presents the temperature and local Mach number contours of the results predicted by GSIS and CIS, which are
overlapped with the literature results wherever available, in particular the DSMC and discrete-UGKS solutions [23]. We
can observe good agreement between the CIS and GSIS solutions, and overall good matches with the results reported in
literature. Fig. 13 shows the pressure (normal stress), shear stress and heat flux along the upper surface of the cylinder.
Comparisons are made with the results from the literature including Refs. [23] and [25]. Again, it is shown that current
GSIS results agree well with the reported results. In the bottom of Fig. 13, it is seen that both GSIS and CIS capture the flow
separation from the surface precisely at the same location around 153°.

To assess the efficiency of GSIS, we plot the convergence history of the DVM steps in both GSIS and CIS in Fig. 14. In
addition, Table 2 lists the number of DVM steps and overall computing time in the same environment as in the lid-driven
cavity flow. Obviously, for highly rarefied flows, CIS is very efficient: when Kn = 1, the solution converges after 186 steps
and the total computing time is around 12 minutes. For this case, GSIS needs more DVM steps than the CIS, and the overall
computing time is about twice of CIS. As Kn decreases to 0.1, GSIS becomes slightly more efficient than CIS. When Kn =
0.01, CIS requires as many as 4925 DVM steps and needs around 8 hours to reach convergence, while GSIS takes only 42
minutes and converges within 210 DVM steps. We note that for small-Kn cases, the inner loop solving the macroscopic
synthetic equations also takes much fewer time steps to converge, because in these case the Reynolds numbers are much
higher, favoring a fast convergence of the NSF solver.

6. Conclusions

In summary, we have extended GSIS to find steady-state solutions of the nonlinear gas kinetic equation, which couples a
simple iterative scheme to solve the gas kinetic equation with an implicit scheme to solve the macroscopic synthetic equa-
tions. Unlike the pure DVM schemes, GSIS enables the DVM simulation to converge very quickly in the near-continuum flow
regime, which is realized by solving the macroscopic synthetic equations to the steady state after each DVM iteration. The
viscous fluxes of the macroscopic synthetic equations explicitly include the NSF constitutive relation, while the higher-order
terms are calculated directly from the velocity distribution function available after each DVM step. Such a treatment guar-
antees the accuracy of GSIS in both the continuum and rarefied regimes. In addition, the construction of higher-order terms
is further simplified in this paper, compared with the linear GSIS [28]. Several classical cases have been used to analyze
accuracy and efficiency of the nonlinear GSIS, based on the Shakhov kinetic model. The numerical results demonstrate that
our scheme is able to obtain steady-state solutions of the gas kinetic equation in a relatively smaller number of iterations.
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Fig. 12. Cylinder flow at May, =5 and (top) Kn =1, (middle) Kn=0.1, (bottom) Kn=0.01: comparison of the non-dimensional temperature (left) and local
Mach number (right) fields obtained by CIS and GSIS, together with the reference discrete-UGKS and DSMC solutions extracted from Ref. [23]. The GSIS
results are indicated by the colored background with white solid lines, the CIS solutions are presented by the dashed yellow lines. The discrete-UGKS and
DSMC solutions are represented by the solid red lines and dashed black lines, respectively.

For high-speed flows, GSIS also shows a significant speed-up in comparison with the conventional iteration scheme for
low-Kn flows.

Compared to the implicit unified gas kinetic scheme and its improved versions [25,50], GSIS does not rely on the relax-
ation time approximation of the Boltzmann collision operator, thus like the linear GSIS [28], it can be extended to solve the
full Boltzmann equation. Actually, the simple construction of high-order terms proposed in this work further enhances the
potential of GSIS to account for multi-species and vibrational non-equilibrium phenomena, which are critical for high-speed
rarefied gas flows such as the re-entry space engineering. In the future work we will use multi-block or unstructured-mesh
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Fig. 14. Convergence history of the DVM time stepping in the supersonic cylinder flow at different Knudsen number. The red, green and blue lines are for
Kn = 1, 0.1 and 0.01, respectively. The solid and dashed lines represent the CIS and GSIS results, respectively.
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techniques to extend GSIS for more practical three-dimensional flows with irregular geometries. We will also investigate
the possibility of coupling the new macroscopic synthetic equations with DSMC, i.e. to produce a DSMC-GSIS algorithm to
remove the restriction on cell size and reduce the computing cost for low-Kn flows.
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